
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 



tdjuiT\^'«s'5A--§ 



w 



HARVARD COLLEGE 
LIBRARY 




GIFT OF THE 

GRADUATE SCHOOL 
OF EDUCATION 




3 2044 097 044 820 






' AaO 






M xi^-j 



AN 



ELEMENTARY TREATISE 



SPHEEICAL GEOMETRY 



TRIGONOMETRY. 



BY 

ANTHONY D. STANLEY, A.M, 

PBOFBBBOB OF HATHSHATIC8 IN YALE COLLEGE. 



REVISED EDITION 



NEW HAVEN. 

DURRIE AND PECK. 

1854. 






HAKVArti) C0LL£61 LIWAHY 

5!FT OF T«£ 

SBAWlArr SCHOOI Of fruCATKMI 



Entored according to Act of Congress, in the year 1848, 

By ANTHomr D. Staklet, 

In the Clerk's Office of the District Court of Connecticat 



CONTENTS. 



SPHEBICAL OEOMETBY. 

PAGE 

Definitions .----..'y 

Straight Line and Sphere ..... 9 

Plane and Sphere -.----- H 

Two Spheres -.-.--- 18 
Poles of Spherical Circles - - - - - -lY 

Spherical Angles -...-. 20 

Spherical Triiingles - - • - - - 22 

Comparison of Triangles - • - • - 29 

Comparison of Right4ingled and Quadrantal Triangles - 89 

Spherical Surfaces ..... - 46 

SPHBBIOAL TBIGOKOMETBY. 

Bi-qiiadrantal Triangles - - - • • - 56 

Right-angled Triangles ..... 5^ 

Napier*s Rules of the Circular Parts - - - - 62 

Oblique-angled Triangles ..... Q9 

BowditcVs Rules for Oblique-angled Triangles • - 88 

Sutjeet treated algehraically, (Art. 26) - • - 91 
Trigonometrical formula often used - - - -92 

Fundamental theorem investigated • - • 98 

Other theorems deduced from thb - - - - 97 

FormulsB prepared for use in Logaritlimic Calculations - 101 

Napier's Analogies ...... 105 

Limitations of value to which the parts of triangles are 

subject -..--.. 106 
Select FormulsB for the Six Cases in the Resolutioo of 

Triangles- - - - - - lOt 



SPHERICAL GEOMETRY. 



DEFINITIONS. 



1. A sphere is a solid such that all points in its sur- 
face ai^ equidistant from a certain point within called 
the center. 

2. A radius of a sphere is any straight line drawn 
from the center to the surface. 

All radii of a sphere are equal. 

3. A sphere may be described by the revolution of a 
semicircle about its diameter, the middle of the diame- 
ter being the center, and half the diameter a radius of 
the sphere. 

4. A diameter of a sphere is any straight line passing 
through the center and terminating each way in tlie 
surface. 

All diameters of a sphere are equal, each of them 
consisting of two radii. 

5. The axis of a sphere is a diameter about which 
the sphere is supposed to have been described by the 
revolution of a semicircle. 

6. Every intersection of a plane with a sphere is a cir- 
cle^ as will be seen from the demonstration of Prop. VI. 

7. The intersection of a sphere wilh a plane passing 
through the center is called a great circle, and its inter- 
section with any other plane, a small circle. 

2 
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8. The aosis of a eircle of a sphere, is that diameter 
of the sphere which is perpendicular to the circle. 

The extremities of the axis are called ihe poles of the 
circle. 

9. The angle made by the arcs of two 
great circles is called a spherical angUj 
and is to be regarded as the same with the 
angle between the^^n^ of the circles. 

Thus, BAD is a spherical angle, having 
for its substitute the angle between the 
planes ACB and ACD, supposing C to be the center of 
the sphere. 

10. A spherical tune is a part of the sur- 
face of a sphere included between two 
great semicircles having a common diam- 
eter, as ADBE. 

A spherical ungula or wedge is a part of 
a sphere, bounded by a lune and the two b 
great semicircles which include the lune, as CADBE. 

11. A spherical triangle is a part of the surface of 
a sphere, included between the arcs of three great 
circles. 

The arcs are called sides of the triangle. 

12. Spherical triangles are distinguished as rightranr 
gled^ isosceles^ equilateral^ &c., in the same way as plane 
triangles. 

A qtmd/rantal triangle is that of which one side is a 
quadrant. 

13. A spherical polygon, is a portion of the surface 
of a sphere, bounded by several arcs of great circles ; 
which arcs are called sides of the polygon. 
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14. Each side of a triangle or a polygon must be un- 
derstood to be less than a semidrcumference of a great 
circle, unless the contrary is stated. 

15. A spherical pyramid is a part 
of the sphere, contained by the planes 
of a solid angle whose vertex is the ■ 
center, and the spherical polygon in- 
cluded by these planes ; as ABODE. 
, The polygon is called the hose of 
the pyramid. 

When the base is a spherical trian- 
gle, the pyramid is called triangular. 

16. A line or plane is said to touch or he tangent to a 
sphere, when it meets the surface of the sphere in one 
point only. 

And two £pheres are said to touch each other, when 
they meet and do not intersect. 

STRAIGHT LINE AND SPHERE. 

Prop. I. 

If a perpendicula/r drawn from the cerder of a sphere 
to any straight Ivae he equal to the radius of the sphere^ 
this lins touches the sphere at the foot of the perpenr 
dicular. 

For since the perpendicular is equal to the radius, the 
foot of the perpendicular is in the surface of the sphere ; 
the line therefore meets the suTface at the foot of the 
perpendicular: and every other point in the line is 
toithout the smface^ being farther from the center of 
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the sphere, because the perpendicular is the shortest 
distance from a point to a straight line. 

Prop. II. 

If a jperpendicvlar from the center of a sphere to 
amy straight line he longer them the radius^ the line is 
wholly without the sphere. 

For no point of the line can be at less than the -per- 
pendicnlar distance from the center : bnt this is greater 
than the radius ; wherefore the line must at every point 
be without the surface of the sphere. 

Prop. HI. 

Jf a perpendicular from the center of a sphere to any 
straight line he less than the radius^ the line will mset 
the smfa^e in two points on opposite sides of the per- 
pendicular^ and at equcSi distances from, it; the part 
of the line hetween these points heing within the surface 
of the sphere^ and the rest of the line without it. 

Let AB be the straight line, C a_ 
the center of the sphere, and CD 
the perpendicular, which is less 
than the radius. In the plane 
passing through AB and C, describe an arc of a circle 
from the center C, with a radius equal to that of the 
sphere, and let it meet AB in E and F. 

Then as the distances CE and CF are each equal to 
the radius of the sphere, the points E and F are in the 
surface ; and (Euc. 3, 3) ED is equal to DF. 

Also any point in AB between E and F is within the 
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surface of the sphere, since its distance from C is less 
than CE or OF ; and any point in EF produced either 
way, is further from C than F or E, and therefore is 
without the surface of the sphere.* 

PLANE AND SPH£BE« 

Peop. IV. 

If th^ perpendicxdar from the center of a sphere to 
(my plane he equal to the radivs of the sphere^ the 
pHane is a tangent to the sphere at the foot of the per- 
pendicular'. 

For as the perpendicular is equal to the radius, the 
foot of it is a point in the surface of the sphere, and the 
plane meets the surfaces in this point Moreover it can 
meet it in no other point: for the distance from any 
other point in the plane to the center of the sphere is 
greater than the perpendicular, and therefore greater 
than the radius of the sphere ; so that every such point 
is without the surface. 

Prop. V. 
If a perpendicular from the center of a sphere to a 
plane he longer than the radius of the sphere^ thephme 
is wholly without the sphere. 

For this perpendicular is the shortest distance from 
the center to the plane ; and as the distance from the 

* The limits of this treatise are such as to require the omission here 
of a number of obyious propositions concerning^ the straight line and 
sphere, similar to several that are given for the eircle in the third book 
of Euclid ; as for example, the propositions 7, 8, 14, 15, 85, 86, and 87 
of that book. 

2* 
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center to every point of the plane is therefore greater 
than the radius, the plane must at every point be with- 
out the spherical surface. 

Prop. VL 

If a perpendicular to a plane from the center of a 
sphere he shorter than the radivSj the plane wiU cut the 
yphere^ the section being a circle whose center is the foot 
of the perpendicular. 

Let C be the center of the 
sphere, AB the plane, and CP 
the perpendicular to it. As CP is 
by supposition less than the radi- 
us, P must be within the surface 
of the sphere : from P draw any 
line PD at right angles to CP, 
and meeting the surface in D. Then a circle described 
in the plane AB, from P as a center, and with a radius 
equal to PD, will be the intersection of that plane with 
the sphere. 

Draw in this circle any radius PE, and join CE, CD : 
the angle CPE is a right angle (Euc, Suppl. 2, Def. 1); 
and in the right-angled triangles CPE and CPD, as 
the sides PE and PD are equal, and CP is a common 
side, CE and CD are equal : but as D is a point in the 
surface of the sphere, CD is a radius ; wherefore CE is 
also a radius, and the point E is in the surface. In like 
manner may it be shown that any other point in the cir- 
cumference of the circle described about P as a center 
in the plane AB, as in the surface of the sphere : this 




TWO BPBJSSX8. 13 

circumference therefore is the intersection of the plane 
with the surface of the sphere, and the circle itself is 
the intersection of the plane and sphere. 

Cor. The nearer the cutting plane is to the center 
of the sphere, the larger will be the circular intersec- 
tion. For the square of the radius of the circle added 
to the square of the perpendicular from the center of 
the sphere, is equal to the square of the radius of the 
sphere; thus, EP2+PC2=CE2: whence the radius of 
the circle must be greater, as the perpendicular from 
the center is less. 

The circle is greatest when its plane passes through 
the center of the sphere ; in which case, as has been 
stated (Def. 7), it is called a great circle. 

Every two great circles of a sphere bisect each other ; 
for the center of the sphere is the center of each, and 
their common section is a diameter of each. 

TWO SPHERES. 

Prop. VH. 

j^ the distance between the centers of two spheres he 
eqVfOl to the sum of their radii^ the ypJieres will. Umch 
each other externally^ the point of contact heing in the 
line which joins their centers. 

Let C, O, be the centers c P o 

of the spheres, and let the 

distance CO equal the sum of their radii, CP being 
equal to t6e radius of the sphere whose center is C, and 
OP consequently equal to the other radius. Then the 
point P must be in the surface of each sphere. And 
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this is the only point common to the spheres : for the 
lines drawn from any point to C and O, must at least 
be equal to PC and PO together, since CPO is the 
shortest distance between C and O : and if the point 
be withm the surface of the sphere whose center is C, 
theu as its distance &om C is less than CP, its distance 
from O must be greater than OP, so that the point 
must be without the sphere whose center is O : again, 
if the point be in the surface of the sphere whose center 
is C, its distance from C equals CP, and its distance 
from O therefore either exceeds OP, so that the point 
is without the sphere whose center is O, or is equal to 
OP :' but P is evidently the only point whose distance 
from C equals PC, and whose distance from O equals 
PO. The spheres therefore touch each other exter- 
nally at P. 

Pbop. vm. 

If the distance "between the centers of two spheres he 
greater tha/n the sum oftJievr radiiy the spheres vnll he 
wholly exterior to each other. 

For as the straight line that joins the centers is the 
shortest line between them, the distances from any 
point to these centers must together be greater than 
the sum of the radii of the spheres. And if any point 
be taken in one of the spheres, then as its distance from 
the center of this sphere is not greater than the radius, 
its distance from the center of the other sphere must be 
greater than the radius of that sphere, and the point 
must accordingly be without the surface. 
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Prop. IX. 

If the distance between the centers of two spheres ie 
eqical to the difference of their radii^ the smaUer sphere 
will touch the other intemMy^ the point of contact being 
in the straight line which passes through their centers. 

Let C, O, be the centers of two c o P 

spheres, OP being a radius of the 
smaller sphere, and COP a radins of the larger : the 
spheres will touch each other internally at the point P. 

For as P is the extremity of a radius of each sphere, 
it is in the surface of each, and thus is common to the 
two spheres. And P is the only point of the smaller 
sphere that is not within the surface of the larger : for 
the distance of any point from the center C of the 
larger sphere, cannot exceed the distance of the same 
point from O, added to the line CO (Euc. 1, 20) : and if 
the point be within the surface of the smaller sphere, 
then as its distance from O is less than OP, this distance 
added to CO is less than CP, wherefore the distance of 
the point from C is less than CP, which is a radius of 
the larger sphere, and the point is accordingly within 
the surface of this sphere. Again, if the point be in the 
surface of the smaller sphere, its distance from O equals 
OP, and this distance added to CO equals CP : the dis- 
tance of the point from C is therefore less than CP the 
radius of the larger sphere, so that the point is within 
the surface of this sphere ; or if the distance is not less, 
it is equal to CP : but evidently there is no other point 
than P, whose distances from C and O are equal to PC 
and PO. Since then the spheres meet at P, and this is 
the only point of the siQal|er sphere which is not ynthin 
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the surface of larger, they touch each other internally 
at this point. 

Prop. X. 

If the distance between the centers of two spheres is 
less than the difference of their radiij the smaller sphere 
is wholly within the swfface of the other. 

Let C be the center of the larger and O the ^ q 

center of the smaller of two spheres ; CO the 
distance between the centers being less than the differ- 
ence of the radii of the spheres : the smaller sphere is 
wholly within the other. 

This is to be proved by showing that every point of 
the smaller sphere is 'within the surface of the larger, 
or what amounts to this, that the distance from any 
point whatever of the smaller sphere to the center of 
the larger, is less than the radius of the latter. 

Now as the distance from any point of the smaller 
sphere to its center O, is not greater than the smaller ra- 
dius, and the distance CO is less than the difference of 
the radii of the spheres, the sum of those two distances 
is less than the larger radius ; but this sum is not less 
than the distance of the point from C the center of the 
larger sphere (Euc. 1, 20) ; wherefore this distance is less 
than the radius of the larger sphere ; as was to be proved. 

Prop. XL 

If the distance between the centers of two spheres he 
less than the sum hut greater than the differen^ce of their 
radii, the surfaces of the spheres will intersect in the 
circumference of a circle perpendicular to the line which 
Joins the centers^ and having its center in that line. 
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Let C, O be the centers of 
two spheres ; CB, OP their 
radii, whose sum is greater 
than CO, and whose diflFer- ^ 
ence is less ; the surfaces of 
these spheres will cut each other in the circumference 
of a circle at right angles to CO, and having its center 
in this line. 

With the radii CB, OP, draw in any plane passing 
through CO, arcs of circles meeting in A : draw AD 
perpendicular to CO, and let a plane pass through D at 
right angles to CO ; then with D as a center and with a 
radius equal to DA describe a circle in that plane: this 
will be the intersection of the plane with either sphere, 
as may be seen from the demonstration of Prop. VI: its 
circumference is therefore the common section of the 
surfaces of the spheres ; and the circle is perpendicular 
to CO and has its center in this line ; as was to be 
proved. 

POLES OF SPHERICAL CIRCLES. 

Prop. XII. 

The arc of a great circle between the pole amd the ctr- 
cu7nference of another great circle is a quadrant; and 
is at right angles to that circumference. 

Let DEB be a great circle, A its 
pole, and AE an arc of a great circle 
drawn from A to the circumference 
of the circle DEB ; the arc AE is a 
quadrant. 

From C the center of the sphere, draw CA and CE. 
Because A is the pole of the circle DEB, AC is perpen- 
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dicular to the plane of that circle, and therefore per- 
pendicular to CE which it meets in this plane ; and as 
the angle ACE is a right angle, *the arc AE which 
subtends it, is a quadrant. 

Again, the arc A E is at right angles to the arc DEB : 
for the spherical angles AED, AEB are the angles 
made by the plane ACE with the plane of the circle 
DEB: and these planes are at right angles to each 
other ; because one of them, namely ACE, passes 
through AC a line perpendicular to the other. 

Cot, The distances ifrom all points in the circumfer- 
ence of a great circle to its pole are equal, as each is 
the chord of a quadrant of a great circle. 

Prop. XIII. 

If two great circles intersect at right angles^ each 
passes through the poles of the other. 

Eor if a diameter be drawn in either circle at right 
angles to the common section of the two, it will be per- 
pendicular to the other circle, and^ its extremities will 
therefore be the poles of this other circle. 

Pbop. XIY. 

If the arcs of two great circles drawn from a point 
in the swrface of a sphere to the ci/rcumferenoe of an- 
other great circle he quadrants^ the point is a pole of 
this great circle. 

Let AD and BD, arcs of great cir- 
cles drawn from D to the circumfer- 
ence AB of another great circle, be 
quadrants, then will D be the pole of 
the great circle of which AB is an arc. 
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Since AD and DB are quadrants, ACD and BCD 
are right angles ; and since DC is at right angles to the 
lines CA and CB, it is at right angles to the plane 
ACB ; which is the plane of the great circle to which 
the arc AB belongs ; wherefore the point D is a pole 
of that circle (Def. 8) ; as was to be proved. 

Prop. XY. 

The cirGumferences of two great oirdea at right 
angles to a third great circle^ will meet in the pole of 
this circle. 

For the circumference of each of the first two circles 
will pass thfough the poles of the third (Prop. 13), and 
these poles must accordingly be the points in which 
the two circumferences intersect. 

Prop. XVI. 

Of arcs of great circles drawn from the circumfer- 
ence of another great circle to a point in the surface of 
a sphere which is not the pole of that circle^ the great- 
est is that which passes through the pole^ amd one that 
is nea/rer thxm am^ther to this^ is greater than that 
other. 

Let P be the pole of a great circle 
ACE, and F another point in the sur- 
face of the sphere ; of arcs drawn from 
F to the circumference ACEl, FA 
which passes through P is the great- 
est, and FB which is nearer than FC 
to FA, is greater than FC. 




20 SPHERICAL GEOMETRY. 

Let AE be the common section of the great circles 
ACE, APE ; draw FG perpendicular to AE, and join 
GB, GO, GD. 

Because P is the pole of ACE, the great circle APE 
is at right angles to ACE, and FG which is perpendic- 
ular to the common section AE, is perpendicular to the 
plane ACE, and to the lines GA, GB, GC, GD, which 
it meets in that plane. Now since the center of the 
circle ACE is in AG, AG is the longest line that can 
be drawn from G to the circumference; and GB is 
greater than GC, GC than GD, i&c. And since AGF 
is a right angle, the sum of the squares of AG and GF 
is equal to the square of the chord (not shown in the 
fig.) of the arc AF : likewise the squares of BG and 
GF are together equal to the square of the chord BF. 
But as AG is greater than BG, AG^+GF' is greater 
than BG*+GF*; wherefore the chord AF is greater 
than the chord BF, and the arc AF than the arc BF. 
In like manner may it be shown that the arc BF is 
greater than CF, CF than DF, &c. \\ 

SPHERICAL ANGLES. 

Prop. XVII. 
The spherical cmgle madt Jyy two arc8 of great cirdes^ 
is the same as the angle made hy the tangents of those 
arcs at their point of intersection. "d^ 

Let AD, BD be arcs of great circles 
intersecting in D, and let DE and DF 
be tangents to those arcs ; the spheri- 
cal angle ADB is the same as the \ 'b 
angle EDF. 
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For the angle ADB is (Def. 9) the same as the angle 
between the planes of the arcs AD and BD, which 
planes are ADC and BDC, C being the center of the 
sphere ; and EDF is the angle between those planes, 
since DC is their common section, and DE, DF are 
perpendicular to DC, the one in the plane ADC, and 
the other in the plane BDC (Enc. 3, 18). 

Cot, If two arcs of great circles cut 
each other, their vertical or cfpposite an- 
gles are equal. Thus, the arcs AB and 
CD intersecting in E, make the opposite 
angles AEC, DEB, equal to each other : 
for either of these angles is the same as 
the angle made by the tangents to the arcs at E. 

Also the sum of two adjacent spherical angles, as 
AEC and BEC, is two right angles. 

Prop. XVIII. 

The spherical angle made ly two arcs of great cir- 
cles^ is measured hy the arc which they intercept on the 
circumference of a great circle whose pole is the angvr 
lar point. 

Let ADB be a spherical angle made 
by AD and BD, arcs of great circles 
in a sphere whose center is C, and let 
AB be an arc of the great circle whose 
pole is D ; AB is the measure of the cZ 
spherical angle at D. For since D is 
the pole of the great circle of which 
AB is an arc, the radius DC is perpendicular to the 
plane of that circle, and therefore at right angles to the 
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lines CA and CB wUcli it meets in that plane ; bo that 
(Enc. Suppl. 2, Def. 4) BOA is the angle between the 
planes ACD and BCD, which angle is the same as the 
spherical angle ADB: and as AB is the measure of 
the .angle ACB, it is also the measnre of the angle 
ADB ; as was to be proved. 

SPHEBICAL TRIA176LES. 

Pbop. XIX. 

If about the vertices of a tricmgle^ as pcies^ a/rcs of 
great circles he dravm^ they wiU form a triangle whose 
verticles are poles of the great circles passing through 
the sides of the first tHa/ngle, 

Let ABO be a spherical triangle, 
and about A, B, C, as poles, let arcs 
of great cu-cles EF, FD, DE, be 
drawn, forming the triangle DEF; 
the vertices D, E, F, are respectively 
poles of the great circles passing 
through BC, CA, AB. 

For since B is the pole of the great circle DF, the 
arc of a great circle drawn from B to D is a quadrant 
(Prop. 12) ; and since is the pole of DE, the arc 
drawn from C to D is also a quadrant. Now when the 
arcs of two great circles drawn from a point in the sur- 
face of a sphere to the circumference of another great 
circle are quadrants, the point is the pole of this circle ; 
therefore D is the pole of the great circle passing 
through BO. In like manner may it be shown that E 
is the pole of the circle AO, and F the pole of AB. 
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Def. Such triangles as those above mentioned are 
called polar triangles, each being said to be polar to 
the other, 

Peop. XX, 

The sides of a spherical triangle a/re supplements to 
the measures of the am>gles ofitspcla/r triamgle. 

Let ABC, DEF, be polar triangles, 
A, B, C, being poles of EF, FD, 
DE, respectively, and D, E, F, poles 
of BC, CA, AB; the sides of the tri- 
angle ABC are supplements to the 
measures of the angles D, E, F, and 
the sides of the triangle DEF are 
likewise supplements to the measures of the angles 
A, B, C, of the triangle ABC. 

Let the arcs AB, AC, produced if necessary, meet 
EF in G and H ; and let the arc BC meet DE and DF, 
in K and L. 

Then, as A is the pole of the great circle EGHF, 

AG and AH are quadrants (Prop. 12) ; and GH is the 

measure of the spherical angle at A (Prop. 18); also 

GF and HE are quadrants, because E and F are poles 

of AC and AB respectively ; wherefore the arcs GF 

and HE together are equal to the semi-circumference 

of a great circle : but these two arcs are together equal 

to EF and GH ; hence EF is the supplement of GH, 

that is^.the supplement to the measure of the angle* 

BAC. In like manner it may be shown that FD, DE 

^ are supplements to the measures of the angles ABC, 

^ ACB, respectively. 

r 8* 
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Again, because D is the pole of the great circle pass- 
ing through BC, KL is the measure of the spherical 
angle EDF ; and since B and C are the poles of DF 
and DE respectively, BL and CK are quadrants, and 
are together equal to the semi-circumference of a great 
circle : but their sum is the same as that of BC and 
KL ; wherefore BC is the supplement of KL, the arc 
which measures the spherical angle at D. Jn like 
manner may it be shown that the other sides AB, AC, 
of the triangle ABC, are respectively supplements to 
the measures of the angles F and E of the triangle 
DEF. 

Schol. From this property of polar triangles, they 
are often called supplemental triangles. 

Prop. XXI. 

Any two sides of a spherical triangle are together 
greater than the third side. 

Let ABD be a spherical triangle ; 
any two of its sides, as AD and DB, 
are together greater than the third 
side AB. 

Let C be the center of the sphere : 
the planes of the great circles passing 
through the three sides of the trian- 
gle form a solid angle at C ; and of the plane angles 
containing this solid angle, any two, as ACD and 
BCD, are together greater than the third ACB (Euc. 
Suppl. 2, 20) ; wherefore the arcs AD and BD which 
measure the first two angles, are together greater than 
AB which measures the third. 
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Prop. XXII. 

The tJiree sides of a spherical triomgle a/re together 
less than the ci/rcumference of a great circle. 

Let ABD be a spherical triangle ; 
the sum of the sides AB, BD, and 
DA, is less than the circumference 
of a great circle. 

For if be the center of the sphere, 
the arcs AB, BD, DA, are respect- 
ively the measures of the plane an- 
gles ACB, BCD, DCA ; which are angles containing 
a solid angle at C, and therefore are together less than 
four right angles (Euc. Suppl. 2, 21). Hence the arcs 
which measure these angles, namely, AB, BD, DA, are 
together less than four quadrants or the circumference 
of a great circle. 

Cor. In like manner it may be proved that the sides 
of any spherical polygon are together less than the cir- 
cumference of a great circle. 

Prop. XXm. 

Eaxih of the angles of a spherical triangle is less 
than tuoo right angles^ and the sum of the three angles 
is greater thxtn two right angles. 

Let ABC be a spherical triangle; 
each of its angles A, B, and C, is 
less than two right angles, and the 
sum of the three is greater than two 
right angles. 
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Produce the side AB, so as to make an angle CBD 
adjacent to ABC ; these angles are together eqnal to 
two right angles (Cor. Prop. 17) ; therefore ABC, one 
of them, is less than two right angles : in like manner 
it may be shown that A and C, the other two angles of 
the triangle, are each less than two right angles. 

Again, the sides of the triangle that is polar to ABC, 
are supplements to the measures of the angles A, B, G ; 
wherefore those sides together with the measures of 
these angles are equal to three semi-circumferences of 
great circles ; but the sides of the polar triangle are to- 
gether less than the circumference, or two semi-circum- 
ferences of a great circle (Prop. 22); wherefore the 
measures of the angles A, B, C, are together greater 
than one semi-circumference or two quadrants, and the 
angles accordingly greater than two right angles. 

Peop. XXIV. 

If two sides of a spherical triangle are equal, the 
a/ngles opposite them a/re also equal. 

Let ABD be a spherical triangle 
of which the sides AD and BD are 
equal; then will the angle DBA 
be equal to the angle DAB. 

If AD and BD are quadrants, 
the angles DBA and DAB are 
equal, each of them b^ing a right 
angle (Props. 14, 12) ; but if not, 
jBrom C the center of the sphere, draw the radii CA, CB, 
CD ; in the plane CAB, draw AF and BF, tangents to 
the arc AB ; and in the plane CAD draw A£ a tangent 
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to AD, meeting CD produced in E: also join EB, 
EF. 

Then, as the arcs AD and BD aie equal, the angles 
ACD and BOD subtended by them, are also equal ; and 
the triangles ACE, BCE, having two sides and the in- 
cluded angle of one equal to two sides and the in- 
cluded angle of the other, are every way equal, the 
side BE being equal to AE, and the angle EBC to the 
angle EAC ; but EAC is a right angle (Euc. 3, 18) ; 
therefore EBC is a right angle, and EB is a tangent to 
the arc BD. Again, in the triangles EAF and EBF, 
FA and FB are equal (Euc. 3, 36), AE and BE are equal, 
as has been proved above, and EF is a common side ; 
wherefore the angle EAF is equal to the angle EBF : 
but these angles are the same as the spherical angles 
DAB, DBA (Prop. 17) ; which are therefore also equal. 

Prop. XXV. 

If two cmgles of a sphencdl triangle a/re equoH^ the 
sides opposite them are also equal. 

Let ABC be a spherical tri- 
angle, of which the angles A 
and B are equal; the sides 
AC and BC are also equal. 

Draw the triangle FDE 
which is polar to ABC, FE 
and FD being arcs of great 
circles to which A and B re- 
spectively are poles. Hien as the arcs FE and FD are 
supplements to the measures of the equal angles A and 
B (Prop. 20), they are equal ; wherefore the angles 
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FDE and FED are also equal (Prop. 24) : again, the 
sides AG and BC are supplements to the measures of 
the angles E and D(Prop. 20); and as these angles 
have been shown to be equal, the arcs AC and BC are 
also equal : which was to be proved. 

Pbop. XXVI. 

If two a/ngles of a spherical tnaiigle a/re tmeqtial^ the 
ffreater has the greater side opposite it. 

Let ABC be a spherical tri- 
angle, in which the angle CAB 
is greater than CBA ; the side 
BC, opposite the greater angle, 
is longer than the side AC. 

Through A the vertex of the greater angle, draw AD 
an arc of a great circle cutting off the angle BAD equal 
to the angle at B : then as the angles DAB and DBA 
of the triangle ABD are equal, the opposite sides AD 
and DB are equal (Prop. 26) ; hence BC, which is the 
sum of BD and DC, equals the sum of AD and DC ; 
but AD and DC are together greater than AC (Prop. 
21) ; therefore BC is greater than AC. 

Prop. XXVII. 

j^ two sides of a spherical triangle are %mequal^ the 
greater has the greater angle opposite it. 

For if the angle opposite the longer side is not greater 
than the angle opposite the other; the former must 
either be equal to the latter or be less than it ; but the 
angles cannot be equal, for equal angles are subtended 
by equal sides ; whereas the sides are unequal^: nor can 
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the angle opposite the longer side be less than the other 
angle ; for if two angles of a triangle are unequal, the 
greater has the longest side opposite it (Prop. 26) : the 
angle opposite the longer of the unequal sides of a 
spherical triangle is therefore greater than the angle 
opposite the other. 

Prop. XXVIH. 

If on the same ypJiere or on equal apheres^ tlie sides 
of one triangle are severally equal to those of another j 
the a/ngles of the one a/re likewise equal to the angles of^ 
the other. 

Let ABC be a triangle in the surface of a sphere 
whose center is O, and A'B'C another triangle in the 
surface of the same or an equal sphere whose center is 
O' ; also let AB be equal to A'B', BC to B'C, and AC 
to A'C ; then will the angle A be equal to A', B to B', 
and C to C 




Draw BD, BE, tangents to the arcs BA, BC, in the 
planes AOB, BOC, and meeting the radii OA and OC 
produced, in D and E ; join also BO and DE : and in 
like manner construct a figure about the triangle 
A'B'C - 
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Then in the triangles BDO, B'D'O', the angles O and 
O' are equal, being subtended by the equal arcs AB 
and A'B' ; and the angles DBO and D'B'O' are equal, 
each being a right angle (£uc. 8, 18) ; also the sides 
OB and O'B' are equal: wherefore the remaining sides 
of one triangle are equal to the remaining sides of the 
other ; BD being equal to B'D', aud DO to D'O'. In 
like manner it may be proved that BE is equal to B'E', 
and EO to E'O'. Now in the triangles DOE, D'O'E', 
the two sides DO, OE, being equal to D'O' and O'E', 
respectively, and the angles DOE, D'O'E' being equal, 
because subtended by equal arcs AC, A'C, the third 
side DE must be equal to the side D'E'. Then in the 
triangles BDE, B'D'E', the sides of the former are sev- 
erally equal to those of the latter ; wherefore the angle 
DBE opposite the side DE, is equal to the angle D'B'E' 
opposite the side D'E'. But DBE is equal to the spher- 
ical angle ABC, and D'B'E' to A'B'C (Prop. 17) : 
therefore the spherical angles ABC and A'B'C are 
equal. In a similar way it may be shown that the 
angle A is equaj to A' and C to C. 

Pbop. XXIX. 

If on the same sphere or on equoH spheres^ the angles 
of one triangle he severally eqv^l to those of another^ the 
sides of the one will likewise he equal to the sides of the 
other. 

Let the triangles be called M and M' ; and let the 
triangle which is polar to M be denoted by N, and that 
which is polar to M', by W. Then, since the sides of 
the tri&ngles N and N' ai*e supplements to the measures 
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of the angles of M and M' (Prop. 20), and since the 
angles of M are severally equal to those of M', the sides 
of the. triangle N must be severally equal to those of N', 
and hence, by the laat proposition, the angles of N must 
likewise be equal to the angles of N', But the sides of 
the triangles M and M' are supplements to the measures 
of these angles (Prop. 20) ; wherefore the sides of the 
triangle M must severally be equal to those of M'. 

Prop. XXX. 
^^ on the same sphere or on eqibcbl spheres^ two sides 
of one triangle he equal to two sides of another^ each to 
each^ and the hase of the one he greater tha/n, the hose of 
the other ^ the a/agle opposite the hose in the former tri- 
angle will he greater tham, the corresponding a/ngU m 
the latter. 

Let AB, BC, two sides of a triangle ABC on a sphere 
whose center is O, be respectively equal to A'B', B'C, 
two sides of another triangle A'B'C on the same or an 
equal sphere whose center is O' ; and let the base AC 
of the former triangle be greater than A'C the base of 
the latter ; then will the angle ABC opposite AC, be 
greater than the angle A'B'C opposite A'C 

Draw BD, BE, tangents to the arcs BA, BC, and 
meeting the radii OA and OC produced, in D and E ; 
join also BO, DE : and in a similar way construct a 
figure about the triangle A'B'C 

Then in the triangles DBO, D'B'O', as the angles at O 
and O' opposite equal arcs AB and A'B' are equal, and 
the angles DBO, D'B'O', are right angles, and the sides 
BO, B'O' are equal, the remaining sides of one triaiigle 

4 
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must be equal respectively to those of the other, namely, 
BD to B'jy and DO to D'O'. In like manner it may 
be shown that BE is equal to B'E' and EO to E'O'. 




Now in the triangles DOE, D'O'E', since the two 
sides DO, OE, are equal to D'O', O'E', each to each, 
and the angle DOE is greater than D'O'E', being sub- 
tended by a greater arc, therefore the base !DE is greater 
than D'E'. Again, in the triangles BDE, B'D'E', since 
the sides DB, BE, are respectively equal to D'B', B'E', 
and the base DE is greater than D^E^, therefore the angle 
opposite DE, namely DBE, is greater than the angle 
D'B'E' opposite D'E'. But those angles are the same as 
the spherical angles ABC, A'B'C ; wherefore the angle 
ABC is greater than A'B'C ; which was to be proved. 

Peof. XXXI. 

^ an the same sphere or on equal spheres^ two angles 
of one tria/ngle he eqtuzl to two angles of (motheft^ each 
to each^ and the third angle of the one he greater them, 
the third angle of the other ^ the side opposite the third 
angle of the former triangle is greater than the corr&- 
^imding side of the latter. 
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Let ABC and A'B'C be two triangles on eqnal s^^eres 
having the angles A and C equal to A' and C\ respect- 
ively, but the angle B greater than B' ; then will the 
side AC opposite B be greater than A'C opposite B'. 





Describe the triangle DEF polar to ABO, A, B and 
being the poles of EF, DF and ED respectively ; and 
in like manner describe the triangle D'E'F' polar to 
A'B'C. Then as EF and E'F' are supplements to the 
measures of equal angles A and A', they are also equal ; 
for a like reason, ED and E'D' are equal : but DF is 
less than DT', because it is the supplement to the meas- 
ure of a greater angle, B being greater than B'. iN'ow 
since DEF wid D'E'F' are two spherical triangles in 
which the side DE is equal to D'E', EF equal to E'F', 
and DF less than DT', the angle DEF opposite DF 
must be less than D'E'F' opposite D'F' (Prop. 30) : but 
AC is the supplement to the measin^ of the angle E 
(Prop. 20X a^d A'C the supplement to the measure of 
E' : therefore AC is greater than A'C ; which was to 
be proved. 

Pbop. xxxn. 

Iftim tricmglea on the same sphere or on eqiiiol spheres 
han)e two sides <md the indvded angle qf one sooeraUjy 
eq^tal to two sides aaid H» i^uOfuded angle of the othen^ 
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the remammg side a/nd anglea of the one will he equfd 
to the corresponding side and angles of the other. 

The remaining sides canAot be unequal, for if they 
were so, the angles opposite them would be unequal 
(Prop. 30); whereas those angles are supposed to be 
equal. The sides are therefore equal ; whence also the 
remaining angles of one triangle are equal to the cor- 
responding angles of the other. 

Pbop. xxxin. 

^ two triangles on the same sphere or on equal spheres 
have two a/ngles a/nd the vntermediaite side of one, sever- 
ally equal to two ambles and the intermediate side of the 
other^ the remaining a/ngle and sides of the one loHl he 
equal to the correspondvng angle and sides of the other. 

The remaining angles cannot be unequal, since the 
sides opposite them would then be unequal (Prop. 31) ; 
whereas those sides are supposed to be equal. The an- 
gles must therefore be equal ; and the remaining sides 
of one triangle be accordingly equal to those of the other. 

Pbop. XXXIV. 

ffon the same sphere or on equal spheres^ an angle of 
one tria/ngU he greater tha/n an angU of another,^ and the 
sides containing the former amgle he equal to those that 
contain the latter^ each to each^ the third side of the 
former triam^gle will he greater tham, thai of the latter. 

Let the sides of one triangle be denoted by X, Y, Z, 
and let the angle contained by X and Y, or the angle op- 
posite Z,be denoted by 0, and let the correefponding 
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parts of the other triangle be denoted by X', T', Z', C', 
X and Y being equal respectively to X' and Y', and 
being greater than C ; then will Z be greater than 71. 

Z and Z' cannot be equal, for then would C be equal 
to C^ (Prop. 28) : neither can Z be less than Z' ; for 
then would be less than C (Prop. 30). Z must there- 
fore be greater than Z' ; as was to be proved. 

Pbop. XXXV. 

If on the same apFtere or on equal spheres^ a side of 
one triangle he greater than a side of a/nother^ a/nd the 
<mgles adjacent to the former he equal to those adjacent 
to the latter^ each to ea^h^ the third angle of the former 
triangle^ wiU he greater tha/n tha;t of the latter. 

Let the angles of one triangle be denoted by A, B 
and C, and the side to which A and B are adjacent, 
that is the side opposite C, by Z ; let the corresponding 
parts of the other triangle be denoted by A', B', C, Z' : 
let A, B, be equal to A', B', each to each ; and let Z 
be greater than Z' ; then will G be greater than C. 

TTie angles C and C cannot be equal ; for then would 
Z be equal to Z' (Prop. 29) ; neither can C be less than 
C ; for then would Z be less than Z' (Prop. 31). The 
angle C must therefore be greater than 0' ; as was to be 
proved. 

Pbop. XXXVI. 

If on the same sphere or on equal spheres^ a side and 
the opposite angle in one triangle he sever aUy equal to a 
side and the opposite angle in another^ atxd a second side 
in the former triangle he equal to a second side in the 

4* 
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latter^ the angUa opposite these sides will (dso ie equals 
or else one wUl he the supplement of the other. 

LetABCandA'B'C 

be two triangles on 
equal spheres, haying 
the angles C and C ^^ 
equal, the opposite sides AB and A3' equal, and the 
sides BC and B'C also equal ; then will the angles op- 
posite these 'sides be equal, namely, the angles A and 
A' ; or else the angle A will be the supplement of A!. 

First, suppose the side AC to be equal to the side 
A'C ; then will the angles A and A' be equal (Prop. 
28 or Prop. 32). 

Next let the sides AC and A'C' be unequal ; then will 
A be the supplement of A'. For supposing AC to be 
greater than A'C, from AC cut oflF DC equal to A'C, 
and draw the arc BD. Then will two sides and the in- 
cluded angle of the triangle BCD be severally equal to 
two sides and the included angle of B'C A' ; wherefore 
the third side. BD will be equal to A'B', and the angle 
BDC to the angle A'. But AB is equal to A'B', there- 
fore AB and BD are equal, and hence the angles A and 
ADB are equal. Now since the angles A and A' are 
equal to ADB and BDC, each to each, and since these 
last angles are supplements of each other (Prop. 17, 
Cor.), the angles A and A' are also supplements of each 
other ; as was to be proved. 

Cor. When the angles A and A'' are equal, but not 
right angles, the sides AC and A'C are equal, and also 
the angles ABC and B'. For when AC and A'C are 
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nneqiml A is the supplement of A' ; and if A is the 
supplement of A' and at the same time equal to it, both 
are right angles. But they are not right angles ; there- 
fore AC and A'C are equal, and also the angles op- 
posite them. 

Prop. XXXVII. (Lemma.) 

IftvDO angles of a spherical triangle are supplem^mts 
of each oiher^ their opposite sides also are supplements 
of each other. 

Let ABO be a spherical 
triangle, in which the an- 
gles B and are supple- 
ments of each other ; then a ^ 
will the sides AB and AC be supplements of each other. 

Let AB and AC produced meet in D. Then DBC is 
the supplement of ABC, and is therefore equal to ACB. 
For a like reason also DCB is equal to ABC. And 
since the side BC is common to the two triangles ABC, 
DCB, the sides AB, AC, must be equal to CD, BD, re- 
spectively (Prop. 33). But CD is the supplement of 
AC (Cor. Prop. 6) ; therefore AB is also the supplement 
of AC ; as was to be proved. 

Cor. Conversely, if the sides of a spherical triangle 
are supplements of each other, the opposite angles also 
are supplements of each other. For if AB and AC are 
supplements of each other, DC must be equal to AB, 
each being the supplement of AC, and DB must be 
equal to AC, each being the supplement of AB : and 
then as the side BC is common to the two triangles 
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ABC, DBC, the angles ABC, ACB, are equal to BCD, 
CBD, each to each (Prop. 28), and as DBC is the snp- 
plement of ABC, ACB is also the supplement of ABC ; 
which was to be proved. 

Pbop. XXXYm. 

If on equal ypheres^ a side cmd the apposite atigle of 
one triangle he reapectively eqiuxl to a side and the op- 
posite angle of (mother^ and a second angle of the for- 
mer triangle he equal to a second angle of the latter^ the 
sides opposite these angles will also he equals or else one 
will he the swpplement of the other. 

Let ABC, A'B'C, be two triangles in which the angle 
A and the opposite side BO are equal to the angle A' 
and the opposite side B'C, each to each, and the angle 




C also equal to C ; then will the sides opposite these 
angles be equal, namely, the sides AB and A'B' : or else 
one of these sides will be the supplement of the other. 

First, suppose the sides AC, A'C, to be equal. Then 
will the side AB be equal to A^B^ (Prop. 32 or Prop. 33). 

Next let the sides AC, A^C^, be unequal ; then will 
AB be the supplement of A'B'. For supposing CA to 
be greater than C'A^, cut off CD equal to A'C, and draw 
the arc BD. Then will there be in the triangles DBC, 
A'B'C, two sides and the included angle of one equal 
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to two sides and the included angle of the other ; where- 
fore the third sides BD and A'B' are equal, and the an- 
gle BDC is equal to A'. But A is equal to A' ; there- 
fore A is equal to BDG ; and as BDC is the supple- 
ment of BDA, A is also the supplement of BDA. Since 
then in the triangle BDA, the angles at A and D are 
supplements of each other, their opposite sides BA and 
BD are supplements of each other. But BD is equal to 
B'A', as was before proved; therefore BA and B'A' are 
supplements of each other ; as was to be shown. 

Pbop. XXXIX. 

If m two right-angled spherical triangles, the hypo- 
teftiuse and amather side of one he equal to the hypote- 
nuse and another side of the other, each to each, and if 
the hypotenuse he not egual to that other side in either 
tria/ngU, the remaining side and angles of the one will 
he respectively egtcal to the remmning side a/nd angles 
of the other. 

Let ABC, A'B'C, be two spherical triangles right-an- 
gled at B and B', having the sides AB, AC, equal to 
A'B', A'C, each to each ; and let the sides AB and AC 
be unequal ; then will the side BC be equal to B'C, and 
the angles A and C be equal to A' and C, respectively. 




K 




Since AB is equal to A'B', and AC to A'C, A'B' is 
greater or less than A'C', acpordjng as AB is greater or 
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less than AO. If AB is less tlian AC, tlie angle C is 
less than B, that is, Jess than a right angle; and the an- 
gle 0' must for a like reason be less than a right angle ; 
but if AB is greater than AC, the angles C and C will 
each be greater than a right angle. These angles then 
are each greater or each less than a right angle, and their 
snm is greater or less than two right angles. Now 
(Prop. 86) the angles C and C are equal, or they are 
supplements to each other ; but as their sum is not equal 
to two right angles, they are not supplements of each 
other : they are therefore equal ; and consequently the 
angle A is equal to A', and the side BC to B'C (Prop. 
86, Cor.). 

Sohol. The case in which AB is equal to AC, re- 
mains to be considered. In this case, the angle at C be* 
ing equal to B, is a right angle, A is the pole of BO 
(Prop. 15), and AB, AC, are quadrants. Likewise C is 
a right angle. A' is the pole of B'C, and A'B', A'C, are 
quadrants. But A and A' may be any angles, equal or 
unequal ; and the sides BC and B'C, as they will be the 
measures of Aese angles, will be accordingly either 
equal or unequal. 

Cor. It may be here observed with respect to any 
spherical triangle, that if either vertex be a pole of the 
opposite side, the angles adjacent to this side will be 
right angles, the side will be the measure of the other 
angle, and the two remaining sides will be quadrants : 
thus, if A is the pole of BC in any spherical triangle 
ABC, the angles B and C will be right angles, AB and 
AC will be quadrants (Prop. 12), and BC will be the 
measure of the angle A (Prop. 18). 
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Pbop. XL. {Lemma.) 

In a rigktrcmgled spherical tricmgle^ aocordinff as 
either of the aides adjacent to the right angle is greater 
tha/n a quadrant^ equal to it or less^ the apposite angle 
is greater than a right angle^ equcd to it or less. 

Let ABO be a triangle right-angled at B, 
and let AB be greater than a quadrant ; cut ^^ 
off BP equal to a quadrant ; then will P be 
the pole of the arc BC. 

And in the triangle PBC, where the side b 
PB is equal to a quadrant, the opposite angle PCB is a 
right angle (Prop. 12). In the triangle ABC, where the 
side AB is greater than a quadrant, the opposite angle 
ACB is greater than a right angle, being greater than 
PCB. And if the arc DC be drawn from D a point in 
PB, then in the triangle DBC, where DB is less than a 
quadrant, the opposite angle DCB is less than a right 
angle. 

Ckyr. Conversely, according as either of the angles 
adjacent to the hypotenuse in a right-angled spherical 
triangle, is greater than a right angle, equal to it or less, 
the opposite side is greater than a quadrant, equal to it 
or less* 

Pbop. XLL 

If two right-angled spherical triangles ha/oe the hy- 
potenuse amd am, adjoint ojigle in one equal to the 
hypotenuse amd an adja,cervt angU in the other^ each 
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to e€U)hj and these angles be not right angles^ then the 
other adjacent angles will he equals amd the remaining 
sides of the one tria/ngle eqiMl to tJie corresponding sides 
of the other. 

Let ABC, A'B'C, be two spherical triangles, right- 
angled at B and B', and having the hypotenuse AC 
equal to A'C, and the adjacent angle C equal to C, 
these being oblique angles; then will the angles A 
and A' be equal, and the sides AB, BC, will be equal 
to A'B', B'C, each to each. 





Since C and C are each greater or each less than a 
right angle, the opposite sides AB, A'B', are each greater 
or each less than a quadrant. Their sum is therefore 
greater or less than a cemi-circumference, and they can- 
not be supplements of each other : but if they are not 
supplements of each other» they are equal (Prop. 38) ; 
and accordingly the sides BC and B'C are also equal, 
and the angle A is equal to A' (Cor. Prop. 36). 

Cor. If C and C are right angles, A and A' are poles 
of BC and B'C, respectively ; and AB, AC, A'B', A'C, 
are quadrants ; in which case, A and A' may evidently 
be unequal, as also the sides BC and B'C, which will 
be the measures of these angles. 
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Pbop. XLH. 

If two qitadrcmtal triangles have the a/ngUa opposite 
the quad/rants eqiuxly and a second angle in one equal 
to a second angle in the other ^ and these be not right 
angles^ the remaining cmgle and sides of ths one will 
he respeetwely equal to those of the other. 

Let ABC and A'B'C be two triangles in which AC 
and A'C are quadrants ; and let A and B be equal to 
A' and B', A and A' being oblique angles ; then wiU 
the angle and the sides AB, BC, be equal to the cor- 
responding parts of the triangle A'B'C. 





'^Z, 



The sides BO and B'C are either equal or supple- 
^ments of each other. If they are supplements of each/ / 
other, thej are quadrants, or else one is greater and thel ^ 
other less than a quadrant : they are not quadrants ; for 
then would C and 0' be poles of AB and A'B' (Prop. 14) ; ^ / 
and the angles A and A', as also B and B', would be right 
\j, \^ angles : nor is one greater and the other less than a quad- 
'^ ' rant ; for if BC is greater than a quadrant, the anglis A 
^ a a^ is greater than B (Prop. 27) ; then must A' be greater 
than B' ; and B'C is therefore greater than A'C (Prop. 
. i M- 26). ; that is, B'C is greater than a quadrant. Since then 
BC and B'C are not supplements of each other, they are 
equal ; and these sides being equal, the remaining sides 

5 
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AB, A''B'', will be equal, and the angle will be eqnal 
^--^ to C (Cor. Prop. 36). 

Schol. It was necessary to make exception of the 
case in which the angles A and Af are right angles ; for 
in that case, the poles of AB and A'B' are in AC and 
A'C (Prop. 13), and are at C and C ; so that BC, B'C, 
are quadrants, and A, B, A', B', are right angles ; but 
then the angles C and C may evidently be unequal, and 
also the sides AB and A'B', since they will be the 
measures of these angles. 

Pbop. XLIII. {Lemma) 

In a quadrantal triomgle^ according as either am^le 
adjoint to the quadrant is greater thmt a right angle^ 
equal to it or less^ the opposite side is greater thxm a 
quadrant^ equal to it or less. 

Let ABC be a triangle of which the p^ 

side AC is a quadrant: let the angle 
ACB be greater than a right angle, and 
cut off ACP equal to a right angle. 

Then since AC is at right angles to ^^^ o 

CP, and is a quadrant, A mi^t be the pole of PC ; 
wherefore AP is a quadrant : that is, in the quadrantal 
triangle ACP, where C is a right angle, the opposite 
side is a quadrant 

In the triangle ABC, where the angle C is greater 
than ACP a right angle, the opposite side AB, being 
greater than AP, is greater than a quadrant 

And if CD be drawn making the angle ACD less 
than the right angle ACP, the opposite side AD is less 
than the quadrant AP. 




Oar. Conversely, in a triangle of which one side is 
a quadrant, if either of the other sides be greater than 
a quadrant, the opposite angle will be greater than a 
right angle ; if equal, equal; and if less, less. 

Pbop. XLIV. 

If two quadrantal triangles have the a/ngles opposite 
the quadro/nts equals amd the side opposite a second an- 
gle i/n one triangle equal to the side opposite a second 
am^le in the otTie^ and these sides he not qtuidrants^ the 
remainvng side and ambles of the one will he equal to 
the corresponding pa/rts of the other. 

Let ABC and A'B^C^ be two triangles of which the 
sides AC and A'C are quadrants, the angles B and B^ 
equal, and the side AB equal to A^B^, these sides not 
being quadrants ; then will the side BC be equal to 
B^C^, and the angles A, C, equal to A', C, each to each. 




A 




Since AB and A^B^ are equal, and not quadrants, they 
are each greater or each less than a quadrant, and ac- 
cordingly the opposite angles C and C are each greater 
or each less than a right angle (Prop. 43) ; they cannot 
therefore be supplements of each other ; but if they are 
not so, they are equal (Prop. 36) ; and these angles be- 
ing equal, the angles A and A'' are also equal, and the 
side BC is equal to B'C^ (Cor. Prop. 36). 
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Cor. If AB and A'B' are quadrants, A and A' are 
poles of BO and B^C^ respectively, and the angles B, C, 
B^, Cy, are right angles ; in which case, the angles A and 
A'' may be unequal, and likewise the sides BC and B^O, 
which will be the measures of these angles. 

SPHERICAL 8UHFAOE8. 

Prop. XLV. {Lern/ma) 

If the sides of one plane triangle he severally equal 
to those of another^ though taken vni^ different order^ 
the circl-es described about the triangles will be equal. 

Let the sides of the triangle ABO, namely, AB, BO, 
AO, be equal respectively to the sides A^B^, B^O', A^O^, 
of ^Q triangle A^B^C^, then will the circles described 
about these triangles be equal. 




A C A' 

Let the centers of the circles be D and D'' ; and let 
the radii DA, DO, D'A^ D'O^ be drawn : then are ADO 
and A'D'O' equal angles, for they are double the angles 
B and B'' at the circumference of the circles, which an- 
gles are equal, because the sides of the triangle ABO are 
equal to those of A-'B^O^, each to each. Then in the 
isosceles triangles ADO, A^D^O', the remaining angles 
are equal ; and as the bases AO, A^'O^, are equal, the 
other sides AD, DO, A^D^, D'O', are equal, and are 
radii of equal circles. 
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Pbop. XLVI. 



If in two spherical triangles^ the sides cmd cmglea of 
one he sefveraWy equal to those of the other ^ the tno/ngles 
theTThsel/oes a/re equal.- 

If the order in which the sides of one triangle occur, 
is the same as that of the corresponding sides in the 
other, the triangles may be proved eqnal, by showing 
that they can be made to coincide ; as is done with re- 
spect to plane triangles, in the demonstration of the 
fourth proposition of the first book of Euclid. 

But if the order of the sides in one triangle is the re- 
verse of that of the corresponding sides in the other, the 
triangles cannot be made to coincide ; they are however 
equal in this as well as in the other case. 




Let ABC and A'B'C be two triangles on equal 
spheres, having the sides of the one severally equal to 
those of the other, but taken in a different order, AB 
being equal to A'B', BC to B'C, and CA to C'A'; 
these triangles will be equal. 

Suppose chords to be drawn subtending the sides of 
the triangles : they will form two plane triangles ABC, 
A'B'C, having the sides in the one severally equal to 
the sides in the other, but taken in the reverse order ; 
and (Prop. 6) the planes of these triangles will intersect 
the spheres in small circles circumscribing the triangles, 

5* 
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and accordinglj equal. Let the centers of the spheres 
be denoted by O and O', and the centers of the circles 
by D and D' : then OD, O'D', will be the perpendicu- 
lar distances to the circles from O and O' (Prop. 6) ; 
and in the right-angled triangles ODA, ODB, ODC, 
O'D'A', O'D'B', O'D'C, the sides DA, DB, DO, D'A', 
D'B', D'C, are equal, being radii of equal circles, and 
OA, OB, 00, O'A', O'B', O'O', are equal, being radu 
of equal spheres ; wherefore the triangles are every way 
equal : the angles DO A, DOB, DOG, D^O'A^ D'O^B^ 
D'O'C'', then are all equal ; and if OD, O'D', be pro- 
duced to meet the surfaces of the spheres in P and P', 
the arcs PA, PB, PC, P^A^ P<B^ P'C, subtending 
those angles, will be equal. Now the triangles APB, 
AOP^B^, being isosceles and mutually equilateral, can 
be made to coincide in the way above referred to, and 
are therefore equal : for the like reason BPO, APC, are 
equal to BT^G, AT^C, respectively: therefore the 
triangle ABO, which is the sum of APB, BPO, APC, 
is equal to A^'B^C, which is the sum of A^'P^B'', B^'P^C, 

AT^a. 

Cor. If the points P and P' fell without the trian* 
gles ABC, A^'B^C, each of these triangles would then 
be equal to the sum of two of those that have their 
vertices at P or P', diminished by the third ; and they 
would accordingly be equal, as in the other case. 

Def. Two triangles in which the sides of one are 
severally equal to those of the other, taken in the re- 
verse order, are called symmetrical triangles. 
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Peop. XLYII. 

Of two lunes an the same sphere or on equal spheres^ 
one is to the other ^ as the a/ngle between the two sides of 
fh>e former to the corre^pondmg angle of the latter. 

Let APBE, A'P'B'E', be two lunes on equal spheres ; 
APBE is to AT'B'E', as the angle APB is to AT'B'. 




Let ABCD be the great circle of which P and E are 
poles ; and A'B'O that whose poles are P and E' ; take 
the arcs BO, CD, each eqnal to AB, and draw the arcs 
PCE, PDE, through the points C and D : then will AB, 
BO, OD, be the measures of the opposite angles at P 
and E (Prop. 18), angles contained by the sides of the 
lunes APBE, BPOE, OPDE : these angles of the lunes 
are therefore equal. Now it may be shown that these 
lunes having equal angles, can be applied to each other 
so as to coincide : they are therefore equal ; and the 
whole lune APDE is the same multiple of APBE, that 
the angle APD is of APB. In like manner it is seen 
that if A'B', B'O', are equal arcs, A'P'B'E' and B'F'C'E' 
are equal lunes, and that the lune A'P'O'E' is the same 
multiple of AT^B^E^ that the angle A'P'O' is of AT'B'. 
Moreover, if the angle APD is equal to AT'O', the lune 
APDE is equal to AT'O'E' ; if greater, greater ; and if 
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less, less. And it is evident that the like is true for any 
multiples of AB and A'B' other tl^n AD and A'C. 
Since then it has been shown concerning four magni- 
tudes, namely, the angles APB, AT'B', and the lunes 
APBE, AT'B'E', that when any equimultiples are 
taken of the first and third, and any of the second and 
fourth, if the multiple of the first is equal to that of the 
second, the multiple of the third is equal to that of the 
fourth ; if greater, greater ; and if less, less ; therefore, 
the first is to the second as the third to the fourth ; that 
is, APB is to AT'B', as APBE to AT'B'E'. 

Cot. The lune APBE is to the whole spherical sur- 
face as the angle APB is to four right angles, or as the 
arc AB is to the circumference of a great circle. 

If the angle APB be a right angle, the lune APBE 
will be one fourth of the whole surface of the sphere, 
and the triangle APB, which is evidently half the lune, 
will be one eighth of the spherical surface. In this case 
the arc AB is a quadrant, as well as the arcs PA, PB, 
and all the angles of the triangle are right angles. Such 
a triangle is called a tri-qiuad/rcmtal triangle. 

Schol, Of two spherical wedges in the same sphere 
or in equAl spheres, one is to the other as the angle be- 
tween the two plane sides of the former to the corres- 
ponding angle of the latter : which is obvious from the 
demonstration given above with respect to two lunes. 

Pbop. XLVni. 

7^ tJie drcumferencea of two great circles intersect on 
the convex surface of a hemisphere^ the opposite trian- 
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gle% thus formed^ vyiU he equal to the lune whose spher- 
ical angles are equal to the angles of these tria^les at 
the point of intersection. 

Let the great circle ABOD be the 
base of a hemisphere, on the convex 
surface of which are drawn the two 
arcs of great circles AC, BD, inter- 
secting in E ; the triangles AEB and 
CED are together equal to the lune 
whose angles are equal to the angles AEB, CED. 

For the triangle which is wanting to complete the 
lune of which AEB is a part, is one in which AB is one 
side, the supplements of EA and EB are the other two 
sides, and an angle equal to E is the angle contained 
by these two sides. Now DOE is equal to this tri- 
angle, two sides and the included angle of the one 
being equal to two sides and the included angle of 
the other, each to each ; since CE and DE are supple- 
ments of AE and BE, and the angle CED is equal to 
AEB. Since then CDE is equal to the triangle that is 
wanting to complete the lune of which ABE is a part, 
the two triangles CED and AEB are together equal to 
this lune, which is a lune having for one of its angles 
an angle of the triangle AEB at the point of inter- 
section E. 
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Pbop. XLIX. 

The excess of the sum of the cmgles of a spherical 
tricmgle above two Hght emgles^ is to a right cmgle^ as 
the triangle is to a trirquad/rarvtoL irian^. 

Let ABC be any Bpherical tri- 
angle ; the excess of the snm of 
the angles A, B, and C above two 
right angles, is to a right angle, ^ 
ABO is to a tri-quadrantal triangle 

Produce the sides AC and AB, 
bnt not so far as to make them 
intersect, and through E and F in 
the parts produced, draw the circumference of a great 
circle EFGH ; and let B A and CA produced meet this 
circumference again in D and G ; also let BC produced 
meet it in H and I. 

Then, by the two preceding propositions, the angle 
EAF, which is the angle A in the triangle BAG, is to 
four right angles, as the sum of the triangles EAF and 
DAG is to the spherical surface or eight tri-quadrantal 
triangles. K B denote a right angle and T a tri- 
quadrantal triangle, this proportion may be thus ex- 
pressed, 

A : 4K::EAF+DAG : 8T; 
or. A: E::EAF+DAG : 2T. 

To this may be added these two other like propor- 
tions; 

B : E::DBI + EBH : 2T, 
C : R::FCI + GCH : 2T. 
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Hence ^c. S, 24^ 

A+B + C : R::EAF + DAG + DBI + EBH-hFOI + GOH t 2T 
Now by inspecting the figure it is seen that the third 
term of this proportion exceeds the convex surface of 
the hemisphere whose base is the circle EFGH, by 
twice the triangle ABO. It may therefore be replaced 
by the expression 4fT+3ABC. The proportion then 
win be A+B + : B::4T+2AB0 : 2T, 
or A+B + : 3R::2T+ABO : 8T. 
Hence (Etic. 5, 17), 

A+B+0-2R:2K::ABC : 2T, 
or A+B+0--2R:E::ABC : T; 
that is, the excess of the sum of the angles of the tri- 
angle ABO above two right angles, is to a right angle, 
as the triangle iteelf is to a tri-qnadrantal triangle ; 
which was to be proved. 

Pbop. L. « 

^ the sum of the angles of a sph,erical polygon to- 
gether with four right angles be diminished hy twice as 
mmy right angles as there a/re sides of the polygon^ the 
remainder will he to a right angle as the polygon is to 
a tri-quadrantal triangle. 

Let ABODE be a spherical poly- 
gon : from A draw arcs to each of 
the other angular points of the poly- 
gon, except the adjacent ones, B 
and E; then will the polygon be 
divided into as many triangles, 
wanting two, as it has sides. 
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Now by the last proposition, the stun of the angles 
of each triangle diminished bytwo right angles is to a 
right angle as the triangle is to a tri-qnadrantal triangle. 
Hence (Euc. 5, 24), as tie snm of all the angles of all 
the triangles diminished by twice as many right angles 
as there are triangles is to a right angle, so is the sxun 
of all the triangles to a tri-quadrantal triangle. But 
the sum of all the triangles, is the polygon ABODE, 
and the sum of the angles of the triangles is the same 
as that of the angles of the polygon. Therefore, the 
sum of the angles of the polygon diminished by twice 
as many right angles as there are triangles, is to a right 
angle, as the polygon is to a tri-quadrantal triangle. 
Now if th(B sum of the angles of the polygon, instead 
of being diminished by twice as many right angles as 
there are triangles, be first increased by four right an- 
gles, and then diminished by twice as many right an- 
gles as there are sides of the polygon, the result will 
not be changed. Then, the sum of the angles of a 
spherical polygon together wjlth four right angles when 
diminished by twice as many right angles as there are 
sides of the polygon, is to a right angle, as the polygon 
is to a tri-quadrantal triangle. 
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Abt. 1 . If two of the sides and angles of a spherical 
triangle be either two right angles, two quadrants, or a 
right angle and a quadrant adjacent or opposite, then 
is one vertex of the triangle a pole of the opposite side, 
and the angle at the vertex is measured bj this side ; 
the other two sides are quadrants, and the opposite an- 
gles right angles: and to be completely determiaed, 
such a triangle must have given its oblique angle or 
the opposite side which is a measure of this angle. 
These parts can neither of them be computed from the 
other parts of the triangle. 

Triangles of this kind may be called H-qiuidrcmialj 
and in what follows they are left out of view. 

Among such triangles are to be classed those tiiat are 
tri-quadrantal. 

Of the sides and angles of a spherical triangle not bi- 
quadrantal, if any three be given, the otha* three may 
m general be determined from them. The cases in 
which this cannot be done, will be duly noticed here- 
after. 

It is the business of Spherical Trigonometry to fur- 
sash laethods of eom^tifig the upkaowiit' &om the 
bi^Qf\m partu of a »iAeric9l trifiogla. 

6 
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Spherical as well as Plane Trigonometry is divided 
into two branches ; one relating to right and the other 
to oblique-angled triangles. It is convenient to treat 
first of triangles that are right-angled. 

BIGHT-ANGLED BPHEfilCAL TRIANGLES. 

2. If from the vertex of one of the oblique angles 
in a right-angled spherical triangle, as a pole, an arc of 
a great circle be drawn, meeting the sides that contain 
the other oblique angle (produced beyond the angular 
point if necessary), a second triangle will thus be 
formed, having one of its vertices at this angular 
point ; which triangle is said to be completnental to 
the former triangle. 

Thus, if ABC be a triangle right- p 

angled at A, and from the vertex y^ \. 

C as a pole an arc of a great circle / ^x^'\ 

DE be drawn, meeting AB and . /j/^ \ 
OB produced, the triangle DBE //^^~^^--^.^\ 
thus formed, having one of its ver- /^ ^"h^ 

tices at B, is said to be comple- 
mental to ABC. 

If from the vertex B as a pole, an arc of a great cir- 
cle be drawn, meeting AC and BC produced, another 
triangle will be formed complemental to ABC. And 
thus every spherical triangle has two complemental 
triangles. 

3. If one triangle be complemental to another, the 
latter is complemental to the former. 

For in the preceding figure, the triangle BDE is 
rightrangled at D, since C is the pole of DE: and E is 
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the pole of AC ; for the arcs C A and ED meet at right 
angles (Geom. Prop. 12) ; and as £F and EA are arcs 
at right angles to AC, E is a pole of AO (Geom. Prop. • 
15). Since then from E the vertex of an oblique angle 
in the right-angled triangle BDE, as a pole, the arc of 
a great circle AO is drawn, meeting the sides DB and 
EB produced, the triangle ABC thus formed, having 
one of its vertices at B, is complemental to BDE. 

4. Of two triangles complemental to each other, an 
oblique angle in one is equal to an oblique angle in 
the other ; the opposite side in each is the complement 
of the measure of the second oblique angle in the 
other ; and of the sides containing the equal angles, 
the hypotenuse in either triangle is the complement of 
the other side in the otiber triangle. 

Thus, of the complemental triangles ABC, DBE, in 
the preceding figure, the oblique angles at B are equal ; 
and since OF is a quadrant, AC is the complement of 
AF, which is evidently the measure of the angle E in 
BDE ; and ED is the complement of DF, which is the 
measure of the angle in ABO. And of the sides con- 
taining the equal angles at B, the hypotenuse BO is 
the complement of BD, and the hypotenuse BE the 
complement of AB. 

5« In a right-angled spherical triam^le^ Uie sine of 
the hypotenuse is to the raditis^ as the sine of another 
side is to the sine of the opposite am^le. 

Let ABO be a spherical triangle, right-angled at A ; 
then the sine of BO the hypotenuse, is to the radius, as 
the sine of the side AO is to the sine of the opposite 
angle ABO. 
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Let D be the center of the 
sphere ; draw the radii AB, BD, 
CD; draw CE, OF, at right an- ^^ 
gles to AD, BD, and join EF ; 
then will EF be perpendicular to 
BD. For since BAC is a right 
angle, the plane AOD is perpen- 
dicnlar to ABD ; and as CE is 
at right angles to the common section AD, CE must be 
at right angles to the plane ABD, and to the line EF 
which it meets in that plane. Now since CEF is a 
right angle, CE2+EF2=CF*; and since CFD is a right 
angle, CF2+FD2= CD*; therefore CE^+EF^+FD'^ 
CD*: again, since CED is a right angle, CE*+ED*= 
CD*: hence, CE*+EF* + FD*=CE*+ED*; and there- 
fore EF*+FD*=ED*: consequently EFD is a right 
angle (Euc. 1, 48). Since then CF and EF are drawn 
in the planes BCD, BAD, at right angles to their com- 
mon section BD, the angle EFC is the angle of incli- 
nation between the planes, and is accordingly equal to 
the spherical angle ABC. Now in the plane triangle 
CEF right-angled at E, CF is to the radius as CE is to 
the sine of EFC ; but CF is the sine of the arc CB, and 
CE the sine of CA, and the angle EFC is equal to 
ABC ; therefore the sine of BC is to lie radius as the 
sine of AC is to the sine of the angle ABC. In like 
manner it may be shown that the sine of BC is to the 
radius, as the sine of AB is to the sine of ACB. 

Cor. Let the angles of the triangle ABC right-aiv- 
gpled s^P Ay ^ denoted by A, B, C, and the opposite 
sides (or the angles measured by them) by <|, 5, o^ re- 
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spectively ; and let the corresponding parts of a triangle 
complemental to ABC, be denoted by A', B', 0', a', h\ &^ 
the angle A' being a right angle. Then (Art. 4), if 
B'=B; C'=comp. J, 5'=eomp. C, a'=comp. e, c'= 
eomp. a : and if C'=C ; B'=eonap. o^ c'=comp. B, a'= 
comp. J, J^=comp. a. 

Now by the preceding proposition, 

sin « : E : : Bin J : ein B ; hence if nnity be put for R, 
(1) sin J=sin a sin B. 

Likewise, since the same equation holds good in the 
complemental triangles, 

sin 6'3=sin a' sin B' ; 
from which equation are derived the two following; one 
for the case in which B'=B, the other for that in which 

sin comp. C=sin comp. c sin B, 
sin comp. a=sin comp. i sin comp. c ; 
or (2) cos C=co8 e sin B, 
(3) cos «=cos J cos c. 
%• In a right-angled spherical triangle^ the sine of 
either of the sides containing the right angle is to the 
radius as the tangent of the other of these sides is to the 
tangent of the opposite angle. 
Let ABC be a triangle 
right-angled at A, the sine 
of AC is to the radius as the 
tangent of AB is to the tan- 
gent of the opposite angle 
ACB. 

Let D be the center of the 
sphere ; join DA, DB, DC, 

6* 
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draw AE perpendicular to OD; and AF a tangent to 
AB, meeting DB produced in F ; also draw EF ; this 
will be perpendicular to CD. 

For since AF is a tangent to AB, it is perpendicular 
to AD ; and being drawn in the plane BAD at right an- 
gles to AD the intersection of this plane with the plane 
CAD, it must be perpendicular to the latter plane, and 
perpendicular to AE in that plane. Then in the right- 
angled triangle FAD, FD'=AF*+AD*; and in the 
triangle AED, AD2=AE*+ED2; therefore FD»=AF* 
+AE2+ED*; but AF^-f AE*=FE^ because FAE is a 
right angle ; hence FD^=FE*+ED*; and consequently 
FED is a right angle (Evkc. 1, 48). Since then from E 
a point in CD the connnon section of the planes ACD, 
BCD, the lines EA, EF, are drawn in the two planes at 
right angles to CD, AEF is the angle of inclination be- 
tween the planes, and is equal to the spherical angle 
ACB. Now in the plane triangle AEF right-angled at 
A, AE is to the radius as AF is to the tangent of the 
angle AEF ; or since AE is the sine of AC, and AF the 
tangent of AB, the sine of AC is to the radius as the 
tangent of AB is to the tangent of ACB. In like man- 
Qer it may be shown that the sine of AB is to the radius 
as the tangent of AC is to the tangent of ABC. 

Cor. Hence (if the quantities concerned be denoted 
as in the corollary to the last proposition), are derived 
the following equations : 

(1) tan c = sin 6 tan 
tan c'= sin V tan C 

(2) cot a = COB C cot J 

(3) cot B = cos a tan C. 
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T. If of the sides and angles in a right^ngled tri- 
angle, any two besides the right angle be given, the 
remaining three may in general be determined by means 
of the equations numbered (1), (2), (3), in the two pre- 
ceding corollaries. And as in each computation there 
are three parts concerned, two given and one sought, 
the following six are all the cases that can occur : 
nam^ely, those in which the three parts concerned are 

(1) The hypotenuse and the two oblique angles, 

(2) The three sides, 

(3) The hypotenuse, another side, and the included 
angle, 

(4) The hypotenuse, another side, and the opposite 
angle, 

(5) The two perpendicular sides and one of the ob- 
lique angles, 

(6) The two oblique angles and a side opposite one 
of them. 

The equations belonging to these cases are, when 
placed in the corresponding order, as follows : 

(1) cot B=cos a tan 0. 

(2) cos a=cos h cos c 

(3) cot «=co8 cot h 

(4) sin J=8in a sin B 
(6) tan c=sin h tan 
(6) cos C=cos c sin B 

To these must be added four others ; for it is evident 
that there are two equations belonging to each of the 
last four cases, one of which is to be deduced from the 
other by changing B into C, 5 into c, and vice versa. 
These additional equations are the following, 
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(7) cot a=co8 B cot o 

(8) sin c=sin a sin O 

(9) tan J=sin c tan B 
(10) co8B=cos h sin 0. 

The relations of the quanti- 
ties concerned in the equa- 
tions may be seen more clearly 
by aid of the accompanying 
figure* b' 

8. The ten equations of the six cases of right-angled 
spherical trigonometry may be all embraced in one or 
two simple rules, called from their inventor, Napier's 
Rules of the Circular Parts. 

The parts of a triangle concerned in the equations 
are the three sides and two oblique angles of a right- 
angled spherical triangle. By the circvlar parts^ how- 
ever, are meant the two perpendicular sides, and the 
complements of the hypotenuse and the two oblique 
angles, instead of these three quantities themselves ; 
the use of those complements having been found requi- 
site in order to give rules of the simplest form. 

Supposing the hypotenuse and the two oblique an- 
gles of a triangle to be replaced by their complements, 
and the right angle to be left out of view, then of the 
five circular parts in the triangle, if either be taken for 
the middle part, the two that are next to this and sepa- 
rated by it are called the adjacent parts, and the other 
two the oppodte parts. 

Napier's rules of the circular parts thus distinguished, 
are as follows : 
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The SINE of the middle part^ eqiuxis the product of 
tJie TANGENTS of the ADJACENT partSj and equals the pro- 
duct of the COSINES of the ottostte parts. 

This proposition may be more easily remembered, 
when it is observed that the two prominent words in 
each of the three parts of which it consists, have their 
first vowels alike ; this vowel being i in each of the 
words sine and middle^ being a in the words tangent 
and a^acenty and o in the words cosine and opposite. 

9« As each of the five circular parts may be taken 
for the middle one, and the proposition gives two equa- 
tions for each case, it will fiimish in all ten equations ; 
and these will be found to agree with the ten previously 
stated. 

Thus if the parts of a right- 
angled triangle be represent- 
ed as in the figure here given, 
where A is the right angle ; 
and-each of the five circular 
parts, namely, J, c, comp. B, comp. a^ comp. 0, be in 
turn made the middle part, there will result the follow- 
ing equations, 

sin &=tan o tan comp. C, that is, 

(1) sin 5=tan c cot 0, 

and sin &=cos comp. B cos comp. a^ that is, 

(2) sin J=sin B sin a (for the cosine of the com* 
plement of an arc or angle is the sine of that arc or 
angle). 

Also (3) sin c=tan h cot B 

(4) sin c=sin a sin C 

(5) cos B=tan c cot (^ 
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(6) COS B=cos & sin C 

(7) COS a=cot B cot 

(8) cos a=cos h cos c 

(9) cos C=tan i cot a 
(10) cos C=cos ^ sin B, 

which differ only a little in form from those given in 
the preceding article, and may be made identical with 
them by applying, in a few cases, the principle ihat the 
tangent of an arc or angle eqnals the reciprocal of the 
cotangent, when radins is unity (Day's Trig., Art. 93). 
For example, the equation (1) of the seventh article may 

be stated thus, cos a=- — p*, and as cot 0=7—^ 

cos a=cot B cot C ; which is the seventh of the pre- 
ceding equations. 

lO. Li applying Napier's theorem to any proposed 
case, it is best at first to make no distinction between the 
two parts given and the part required, but consider only 
which of the three circular parts concerned, must be 
made the middle part, in order that the other two may 
be either both adjacent or both opposite, and not one 
adjacent and the other opposite ; and then by means 
of the theoi-em form an equation involving these three 
parts ; afterwards reducing the equation, if necessary, 
BO as to have the given parts on one side, and the 
part required on the other. Thus, if the sides a and c 
be given and the angle be sought, the three circular 
parts concerned are <?, comp. a, comp. 0, of which it 
will be seen that c must be taken for the middle part, 
and the other two for opposite parts. By Napier's role, 
the equation connecting these parts is the following, 
sin c=rsin a sin 0. 
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And if the quantities given were a and C, this equation 
would require no reduction : but as and not c is the quan- 
tity required, the equation must be reduced to the form 

sin 0=-; — ; and then by logarith- 
sm a ' ^ ^ 

mic calculation the value of C may readily be found. 

11« One must first of all, however, gain some facil- 
ity in stating, when any circular part of a right-angled 
triangle is taken for the middle one, which of the other 
four are adjacent parts, and which opposite. Tie state- 
ments that may be demanded are these ; 

(1) If eornj^ n be the mid- 
dle part, the adjacent parts 
are comp. B, comp. C, and the 
opposite parts are ft, c. 

(2) If h is the middle part^ 
the adjacent parts are c, cotop. 0, and the opposite p&rts 
are comp. «, comp. B. 

(3) If c is the middle part, the adjacent parts are J, 
comp. B, and the opposite parte are comp. «, comp. C. 

(4) If comp. B is the middle part^ the adjacent parts 
are comp. ®, c, and the opposite parts are J, comp. C. 

(5) If comp. C is the middle part, the adjacent parts 
are comp. a^ J, and the opporite parts are d, comp. B. 

1 S. Now let it be required, with any three proposed 
circular parts (without regard to any distinction between 
them as known or unknown quantities), to state which 
must be taken for the middle part, in order that the other 
two may be either both adjacent or both opposite ; and 
let it not be yet required to proceed to the use of Na- 
pier's rule in forming any equation. The several cases 
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that will thus be presented, may be stated as fol- 
lows : 

(1) If the three quantities concerned are ft, 0, 0, then I 
is the middle part, and the parts 0, comp. 0, are adjacent. 

(2) If the three proposed quantities are a, ft, B, then 
ft is the middle part, and the parts comp. a, comp. B, 
are opposite. 

(3) If the three quantities are ft, c^ B, then {? is the 
middle part, and the parts ft, comp. B, are adjacent 

(4) If the three quantities are a, (?, C, then is c the 
middle part, and comp. a, comp. 0, are opposite parts. 

(5) If the three quantities are a, e^ B*, then is comp. 
B the middle part, and the parts comp. a, (?, are adjacent. 

(6) If ft, B, 0, are the three quantities, comp, B ia 
the middle part, and the parts ft, comp. 0, are opposite. 

(7) If a, B, C, are the three quantities, comp. a is 
the middle part, and the parts comp. B, comp. G, are 
adjacent. 

(8) If a, ft, (?, are the three quantities, comp. a is the 
middle part, and the parts ft, (?, are opposite. 

(9) If a, ft, 0, are the three quantities, comp. C is the 
middle part, and the parts comp. a^ ft, are adjacent 

(10) If tf, B, 0, are the three quantities, comp. O is 
the middle part, and the parts ^, comp. B, are opposite. 

1 3. The use of Napier's rules will now be shown by 
some examples. 

(1) Given the sides a and ft ; to find 0. 
The circular parts here concerned are comp. a, &, c : 
of these comp. a is the middle part, and the other t^wo, 
ft, (?, are opposite parts. Then by Napier's rule, 
sin comp. a=cos ft cos c^ that is, 

cos a=cos ft cos c; and since c is the re- 
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quired quantity, cob ^= 7 ; whence by logarithmic cal" 

culation, the value of c may be obtained. 

Schol. Instead of dividing by cos &, we may multi- 
ply by sec J, since the cosine and secant are reciprocals 
of each other, when radius equals unity (Day's Trig., 
Art. 93). The last equation may then be replaced by 
this, cos c=cos a sec h. 

Li general, whenever a cosine occurs as a divisor, it 
may be replaced by the corresponding secant as a mul- 
tiplier ; likewise when a sine occurs as ^ divisor, it may 
be replaced by the corresponding cosecant as a multi- 
plier. Li this way too may tangents be exchanged for 
cotangents, and cotangents for tangents, since they are 
reciprocals of each other. 

(2) Given a=84°, B=:63° ; to find 0. 

Here the three circular parts 
are comp. a, comp. B, comp. 0; 
of which comp. a is the mid- 
dle part, and comp. B, comp. 
0, are adjacent parts : then, b 

sin comp. a=tan comp. B tan comp. 0, 
that is, cos a=cot B cot ; 

whence cotC= ^ ^ , 

cot B' 

or cot C=cos a tan B. 

Now, as fl5=84**, cos a= 9.0192346 

also , tan B=10.2928341 

hence cot C= 9.3120687, the logarithmic ra- 
dius 10 being rejected : 

therefore, 0=78** 24' 24''. 
7 
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(3) Given &=37° 13', B=43^ 41' ; to find 0. 
Here comp. B is the middle part, and the 
parts, J, comp. 0, are opposite. 

Then, sin comp. B=cos b cos comp. C, 
cos B=co8 J sin ; 
cosB 



other 



that is, 
whence. 
Now, 



sin 0=^^^^^=co8 B sec J. 
cos 



therefore 



co8B= 9.1 

sec J=10.0988938 

sinC= 9.9581331 



and C= 65° 14' 38", 

or C=114° 45' 22", 

these two angles haviug the same sine, because the sine 
of any angle is the same with that of its supplement 

This is one of those cases in which two parts besides 
the right angle of a right-angled triangle are insuflScient 
to determine another part, 

(4) Given a = 113° 40', 
J=60°27'; to find C. 

Here comp. is the mid- 
dle part ; and the other pai"ts, / 
comp. «, J, are adjacent. b'^ 

Then, cos C=cot a tan h : 

but, cot a= 9.641T473 

and tan 6=10.2464741 

therefore, cos 0= 9.8882214 

Now as a is an obtuse angle, its cotangent is negative 
(Day's Trig., Art. 201), and as tan 5 is positive, the 
product of the two is negative ; therefore cos C is neg- 
ative, and C must accordingly be an obtuse angle. 
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The obtuse angle answering to the number 9.8882214 
in the table of cosines is 140"* 37' 61", which is there- 
fore the required angle C. 

(6) Given a, B ; to find the other parts of the triangle. 

First, to find J, take h for the middle part; then 
comp. fit, comp. B are opposite parts, and 

sin J=sin asinB; • 

whence h may be calculated. 

Kext, to find (?, take comp. B for the middle part ; 
then comp. a and c are adjacent parts ; and 

cos B=cot a tan (?, 
whence tan <3=co8 B tan a. 

Lastly, to find C, take comp. a for the middle part ; 
in which case, comp. B and comp. C are adjacent parts : 
then cos a=cot B cot ; 

whence cot C=co8 a tan B. 

If a=72° 21' 40", and B=14° 10' 25", in the above 
equations; then J=13** 29' 40", c=7r 60' 35", and 
C=85° 37' 26". 

OBLIQUE-ANGLED TSL^^GLES. 

14. Of the sides and angles in an oblique-angled 
triangle, it is necessary, as has before been stated, that 
three be given, in order that the triangle may be de- 
termined. These may be 

(1) Two sides and the included angle, 

(2) Two sides and an angle opposite one of them, 

(3) Two angles and the intermediate side, 

(4) Two angles and a side opposite one of them, 
(6) The three angles, 

(6) The three sides. 
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In the last case, eveiy two sides are separated by an 
unknown angle; and in the last but one, every two 
angles have between them an unknown side. But in 
each of the other four cases, there are two at least of 
the given parts, which are not separated by an unknown 
part, but are adjacent to each other. 

N'sw every oblique-angled triangle may be divided 
into two right-angled triangles by a perpendicular drawn 
from one of the angles to the opposite side. And this 
may be so done as to make the two given parts that are 
adjacent in each of the first four of tiie above cases, fall 
in the same right-angled triangle. Then all the other 
pai-ts of this right-angled triangle may be determined by 
Napier's rules : and thus means wiU be ftimished for 
computing the unknown parts of the other right-angled 
triangle ; whence all the parts of the oblique-angled tri- 
angle will be known. This will be seen more clearly 
by attending to these cases separately, as may be con- 
veniently done after noticing the following theorem. 

1 5« The sines of the sides of a spherical tricmgle a/re 
as the sines of their opposite a/ngles. 




Let ABO be a spherical angle, the sine of AB is to 
the sine of BO as the sine of the angle ACB is to the 
sine of BAO. 

From B draw BD perpendicular to AO or AO pro- 
duced, forming the right-angled triangles ABD, CBD : 



then (Art. 6), sin BC : E : : sin BD : sin BOD, 
and (Eue. 5, A), E : sin BO : : sin BOD : sin BD : 
also sin AB : E : : sin BD : sin BAD : 

therefore (Enc. 6, 23), 

sin AB : sin BO : :sin BOD : sin BAD. 

Now the sines of BAO and AOB may be substituted 
for those of BAD and BOD, since the angles AOB and 
BOD, if they are not the same, are supplements of 
each oth^. 

Therefore sin AB : sin BO : : sin AOB : sin BAO. 
In like manner it may be shown that 

sin AC : sin AB : : sin ABO : sin AOB ; 
wherefore also sin AO : sin BO : : sin ABO : sin BAO. 

16. Ghwen two sides cmd the mdvded angle of a 
spherical triangle; to jimd the other side and angles. 

In the spherical triangle ABO, let the two sides AB, 
AO, and the angle A be given, from which to deter- 
mine the side BO and the angles ABO, AOB. 

Draw BD from B perpendicular to AO, forming two 
right-angled triangles ABD, BDO, such that one of 
them ABD has for two of its parts, two of the quanti- 
ties given, namely, the side AB and the angle A. 
From these two, may be computed by Napier's rules, 
the sides AD, BD, and the angle ABD. Then DO is 
found by taking AD from the given side AO. And in 
the right-angled triangle BDO, having now given the 
sides BD and DO, the side BO, the angle 0, and the 
angle OBD may be computed. The angle ABO is 
found by adding together the angles ABD, OBD. 

If the perpendicular BD meets AO produced, the 
method of solution is the same as has been stated, ex- 

7* 
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cept that DC is found by subtracting AC from AD, and 
the angle ABC by subtracting CBD from ABD. 

The above is not, however, the most concise method 
of obtaining the quantities required. It is suiSicient in 
the first triangle to compute from the given quantities 
B A and A, the value of AD, from which DC is directly 
obtained. Then by Napier's theorem, equations may 
be formed in which the hypotenuse AB of the triangle 
ADB shall be expressed in terms of the two sides AD, 
BD ; and the hypotenuse BC of the triangle BCD in 
terms of BD and DC ; and by eliminating BD from 
these equations, a new equation may be obtained, in- 
volving the quantities AB, BC, AD, DC, from which 
the value of BC may be found in terms of the other 
three quantities which are known. Thus, by Napier's 
theorem, if comp. AB be the middle part, cos AB= 
cos AD cos BD; likewise, cos BC=cos DC cos BD ; 
and if the members of these equations be multiplied 
together crosswise, and the products be divided by 
cos BD, there will result the equation 

cos BC cos AD=cos AB cos DC ; 
whence cos BC=co8 AB cos CD -f- cos AD, 
from which the value of BC may be computed. 

In like manner may be found the equation 
tan C=taQ A sin AD-rsin DC, 
from which the value of C can be computed. 

After finding either of the quantities BC or C, all Hie 
remaining unknown quantities in the triangle ABC 
may be found by means of the preceding theorem. 

Thus, when BC is known, the angles ACB and ABC 
are found from the proportions (Art. 15), 
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78 



sin BO : sin AC : : sin A : sin ABO 
sin BO : sin AB : : sin A : sin AOB. 

Or if be known instead of BO, then the proportions 

to be used in finding BO and ABO, are 

sin : sin A : : sin AB : sin BO, 
sin AB : sin AO : : sin : sin ABO. 




ExrnnpU. Let AB=48^ 27' 29", AO=78° 23' 40", 
A=39° 40' 30" ; then in the equation 
tan AD=cos A tan AB, 

eosA= 9.8863092 
tan AB=10.0525128 



tanAD= 9.9388220 (the index being 

diminished by 10, because each number in the table 
of logarithmic signs, tangents, &c., is 10 too great). 
Hence AD=40° 68' 40", and CD= AO- AD=37° 25'. 
Again, in the equation 

cos BO=cos AB cos OD—cos AD 
=co8 AB cos OD sec AD, 

cosAB= 9.8216451 

cosOD= 9.8999506 

secAD=10.1220738 

therefore, BC=45° 45' 26" 
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Next, in the equation 

Bin ABC=8m A sin AC-rsin BO 
=8in A sin AC coeec BO, 
sin A= 9.8051146 
einAC= 9.9910292 
eosee BC=10,1448S05 

sin B= 9.9409943 



B=119° 11' 44" 



It will be found in like manner, that 0=41° 60' 8", by 
means of the equation, sin C==Bin A sin AB cosec BO; 
or may be found from the equation cos C=cot BO 
tan CD. 

17. CHoen in a spherical i/riangU^ two sides and an 
a/ngU opposite one of them; to find the other parts. 

Let ABC be a spherical triangle in which the sides 
AB, BO, and the angle A are given, and the angles B, 
0, and the side AC are required. 




From B one end of the given side AB, and opposite 
the given angle A, draw the perpendicular BD to the 
side AC or AC produced : then in the right-angled tri- 
angle ABD will be given the hypotenuse AB and the 
angle A, from which all the other parts of the triangle 
may be found : and then in the triangle BDC will be 
given BD and BO, from which all the other parts of 
this triangle may be determined ; and thus all the re- 



quired pai'tB of the triangle ABC will be aficert^iued. 
But it will be better to obtain these parts in the follow- 
ing manner : 

From the given parts ABj BC, and A, find by 
means of the theorem that the sines of the sides of a 
spherical triangle are as the sines of the opposite an- 
gles. Then in the right-angled triangle ABD, find AD 
from the given parts AB and A by Napier's rule ; and 
in the triangle BDC, find CD from the given parts BC 
and C. Thus the side AC, being the sum or difference 
of AD and CD, will be known ; and from this with 
either of the other sides and its opposite angle, may be 
found the angle ABC, by means of the fore-mentioned 
theorem concerning the sines of the sides and opposite 
angles of a triangle. The proportions and equations to 
be used are these, 

sin BC : sin AB : : sin A : sin C, 
cos A=:cot AB tan AD, or tan AD=cos A tan AB, 
cos C=cot BC tan CD, or tan CD=cos C tan BC, 

sin BC : sin AC : : sin A : sin ABC. 
Example, Let AB=86° 14' 20", BC=36° 26', A= 
14® 12' 60" ; then in the proportion 

sia BC : sin AB : rain A : sin C, 
or the equation sin C=sin A sin AB-rsin BC 
=sin A sin AB cosec BO, 
sin A= 9.3901266 
einAB= 9.9990636 
cosee BC=^10.22629dl 

sinC« 9.6164862 



0=24*^ 21' 67" 
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Agun, in the equation 

tan AD=C08 A tan AB, 

cobA= 9.9864967 
tan AB=11.1821820 

tan AD=11.1686787 

AD=86'' 7' U". 



And in the equation 

tan CD=coB C tan BO, 

cos 0=9.9594850 
tan BC=9.8681517 

tan OD=9.8276367 

00=33° 55' 3". 

Hence AC=AD+CD=120° 2' 17": 

and lastlj in the equation 

sin AB0=8in A sin AO-rsin BO 
=sin A sin AO cosec BO, 
BinA= 9.3901265 
sin AC= 9.9373640 
cosec BO=10.2262961 

sin ABO= 9.6537866 

ABO=159n'89". 

As the side AO is greater than AB, the angle ABC 
must be greater than the angle ; and therefore the 
obtuse angle 159° 1' 39" is given for its value, instead 
of the supplementary acute angle 20° 58' 21". 

The one of O above determined, answers in the table 
of sines not only to iba acute angle 24° 21' 57", but 
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also to the supplement of this, namely, 155® 38' 3". If 
this obtuse angle were taken for the value of 0, then 
AC would be tiie difference instead of the sum of AD 
and CD, and the value of ABC would be accordingly 
altered. 

This is one of those cases alluded to in Art 1, where 
three parts given are not sufllcient to determine a triangle. 

1 8. CUven two angles wad the mtermediate side of a 
spherical iHangU / to find the remamin^ angle amd sides. 

Let ABO be a spherical triangle, in which the angles 
A and B and the side AB are given, and the angle 
and the sides AC and BC are required. 




Draw BD perpendicular to AC, forming the right- 
angled triangles ABD and BCD, in the former of which 
are the two given pai-ts AB and A ; then by Ifapier's 
rules, the angle ABD and the sides BD, AD, may be 
determined; and thus in the triangle BCD, will be 
known the side BD and the angle CBD, since this is 
the difference between ABC and ABD : hence the other 
parts of this triangle may be computed ; and then all 
the parts of the triangle ABC will be known. 

But these may be found by a shorter process, thus : 
the angle ABD may be first obtained, by means of N"a- 
pier's rule, from the given quantities A and AB ; then 
CBD can be found by taking the difference of ABO and 
ABD. And if now BD be expressed in terms of AB and 
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ABD according to Napier's rule, and likewise in terms 
of BG and GBB, an equation may be formed of the 
two expressi(xis, which will involve the four qnantitieB 
ABD, CBD, AB and BO, the last of which may ac- 
cordingly be expressed in terms of the other three, 
which are all known. When BC has been thus de- 
termined, the remaining miknown parts, namely, the 
angle G and the side AG may be found, by the theo- 
rem of Art. 15 ; or the angle miay be found, from 
BG and GBD by Napier's rule. 
The equations to be used are the following, 
cot ABD = cos AB tan A 
tan BC ( = tan AB cos ABD ^cos GBD) 
= tan AB cos ABD sec GBD 
cot G = cos BG tan GBD 
sin AG ( = sin BG sin ABG-rsin A) 
= sin BG sin ABG cosec A. 
EmmpU. Let AB = 77° 35' 50", A = W 28", B = 
25° 52'; then will ABD = 86° 8' 1", DBG = 60° 16' 1", 
BG=31° 48' 32", G = U5° 7' 8", AG = 49° 50' 63". 

19. Given in a spK&rioal triangle two cmgles and a 
side opposite one of them ; to find the remaining angle 
o/nd sides. 




Let ABO be a spherical triangle in which the parts 
Aj G and AB are giv^n : it is required to find the other 
parts B, AG aiaji BO- 
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Draw the perpendicular BD : then in the triangle 
ABD, there are given the angle A and the side AB, 
from which all the other parts may be fonnd ; and thus 
there will be given in the triangle CBD the side BD 
and the angle C ; whence the other parts of this triangle 
may be determined ; and then all the parts of the tri- 
angle ABO will be known. 

Bnt lliese parts may be more conveniently computed. 
The side BO may be determined from the given quan- 
tities A, 0, and AB, by means of the theorem that the 
sines of the sides of a spherical triangle are as the sines 
of their opposite angles. Then CD may be found from 
BO and 0, and AD from AB and A, by means of Na- 
pier's theorem. Accordingly AO will be known, being 
the sum or difference of AD and OD. Lastly ABO 
may be determined, by means of AO with another side 
and the opposite angle, from the above mentioned 
theorem concerning the sides and opposite angles of a 
triangle. 

The following are the formulae according to which 
the computations are to be made. 

sin BO ( = sin AB sin A -r-sin 0) 
= sin AB sin A cosec 
tan AD = cos A tan AB 
tan OD = cos tan BO 
sin ABO ( = sin A sin AO -f- sin BO) 
= sin A sin AO cosec BO. 
Moample. Let AB = 57^ 25', A = 11° 12' 30", = 
22° 65' ; then will BO = 24° 52' 24", AD = 56° 54' 50", 
CD=23° 7' 26", A0=80° 2' 16"3 ABO=162° 65' 30". 

8 
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20« When the three sides of a triangle are given, 
and the angles required, there is occasion to use the 
following theorem. 

If aperpendictdar he dravmfrom either vertex of a 
triangle to the opposite side or baee^ the tangent of haZf 
the mmh of the other two sides into the tangent of hatf 
their difference^ wiU he equal to the tangent of half the 
stwi of the segments of the hose into the tangent of half 
their difference. 

This proposition may be demonstrated thns. ^ 




In the spherical triangle ABC draw BD opposite A and 
perpendicular to AC : let M stand for half of (AB+BO), 
and N for half of (AB-BC); also let M' be half of 
(AD+DC), and N' half of (AD-DC). Then it is to be 
proved that tan M tan N=tan M' tan W. 
In page 72 it is shown that 

cos BC cos AD=co8 AB cos CD. 
But obviously, 

AB=M+N, B05^M-N, AD=M'+N', and CD=^'-N': 
therefore 

cos (M-N) cos (M'+N')=co8 (M+N) cos (M'-NO, 
cosCM-K^ ^ cosCM^-y^ ' 
^^ cos (M+If) cos (M'+ N') ' 

that is, (Day's Trigon. Art. 208), 

cos M C09 y +Bin M sin N __ cos M' cos N'+sin M' sinN'. 

oofl M cos N— flin H^in N ~ cos M' cos N'— sin M' sin N'* 

then if the numerator and denominator of the first frac- 
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tion be divided by cos M cos N", and those of the second 
by cos M' cos N', and tangents be put for sines divided 
by cosinesj there will result the equation, 

1 +tan M tan N _ 1 4-tan M^ tan W 
1-tanMtanN l-tan M' tan N'' 
which reduced gives the equation that was to be de- 
termined, namely, 

tan M tan N=tan M' tan W. 

The case in which the sides of a triangle are given 
and the angles required, and that in which the angles 
are given and the sides required, are now to be con- 
sidered : and they will be treated of in the order in 
which they are here mentioned. 

21« Given the three sides of a spherical tricmgle ; to 
fmd the three cmgUs. 

Let ABC be a spherical triangle whose sides are 
given ; it is required to find the angles A, B, 0. From 
B draw BD opposite to A, and perpendicular to AC or 
AC produced : then by the preceding theorem, 

tan i (AB + BC) tan i (AB-BC>=tan i (AD + DC) tan i (AD-DC) ; 

from which equation may be found the segments AD 
and DC : for if D is in AC, the sum of the segments is 
known, being equal to AC ; and as the first side of the 
equation consists of known quantities, the value of 
tan i (AD- DC), and thence also that of i (AD-DC) 
may be determined ; and if D is in AC produced, the 
diflfereiice of the segments is equal to AC, and then the 
value of half the sum of the segments may be found. 
Half the sum increased by half liie diflTerence will give 
the greater segment, and diminished by half the diflfer- 
ence, it will give the less. Then by Napier's rule, the 
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angle A may be found from the side AB and the seg- 
ment AD, and the angle from the side BG and the 
segment CD. And lastly, the angle ABC may be ob- 
tained by means of the theorem in Art. 15. 




2) 

The formulsa to be used in the present case are then 
as follows : 

(1) tana?=tani(AB+BC)tani(AB--BC)-T-tanJAC; 
where a? is an arc to be computed ; and it must be so 
taken as to be greater or less than a quadrant, according 
as i(AB+BC) is greater or less than a quadrant, AB 
being supposed greater than BC. 

(2) cos A=cot AB tan AD, 

where AD=a?+iAC, 180^ being rejected, if the 

sum happen to exceed this, as it may when J(AB +BC) 
is greater than a quadrant. 

(3) cos BCD=cot BC tan CD ; 
where CD= AC - AD. 

(4) sin ABC (=sin A sin AC-T-sin BC) 

=sin A sin AC cosec BC. 
Exmwple. Let AB=120^ 50', BC=85^ 40', AC= 
37° 30' ; then aj=104° 9' 23" (a? being greater than 90° 
because J(AB+BC) is so), AD=122° 54' 23"^ A=22° 
42' 45", (A being less than 90° because its cosine is 
positive, inasmuch as the two factors of which it is the 
product, namely cot AB and tan AD, are both nega- 
tive), CD=85^ 24' 23", BCD=19° 25' 6", ACB=160° 
84' 54", ABC=13^ 38' 3". 
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. 32. CHA)en the three angles of a ypherical triangle; 
to find the sides. 

The supplemente of the given angles are the sides of 
a triangle polar to the one in question. The sides of 
this polar triangle being accordingly known, its angles 
may be computed by the method just given : and then 
the supplements of these angles may be taken for the 
required sides of the other triangle, expressed in de- 
grees, minutes, and seconds. 

Emmpie. In a spheriqal triangle ABO, let A= 
149^ 55', B=10S° 15', 0=131° 6'; then if A'B'O' be 
the polar triangle, B'O'=30° 5', A'0'=Y6« 45', A'B'= 
48° 54' ; whence aj'=9° 47' 2", A'D'=48° 9' 32", A'= 
13° 1' 32", 0'D'=28° 35' 28", B'0'iy= A'0'B'= 
19° 48' 29", A'B'0'=154° 2' 43"; and therefore BO 
(==180°-A0=166° 58' 28", AO=25° 57' 17", AB= 
160° 11' 81''. The angle A'B'O' must be obtuse to 
make the sum of the angles in tiie triangle A'B'O' ex- 
ceed 180°. 

: 23. In thie six preceding articles are furnished meth- 
ods of calculation for all the cases of oblique-angled 
trigonometry. These methods are for the most part 
sufficiently simple, and such as may be readily called 
to mind. But in one or two particulars they may per- 
haps be more clearly understood and more easily re- 
membered from the following general statement. 

Let the two right-angled triangles into which an ob- 
lique-angled triangle is divided by a perpendicular from 
one of its vertices to the opposite side, be called contig- 
uous right-angled triangles; and designate as corre- 
sponding pwrts in these triangles, either the segments 

8* 
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of the base, the segments of the Tertical angle, the two 
hypotenuses, or the two angles opposite the perpendicular. 
Thns if BD be»perpendicular to AC in the triangle 
ABO, ABD and BDO will be contiguotis triangles ; and 
AD and DC will be corresponding parts in these trian- 
gles, as also ABD and CBD, AB and BC, or A and 0. 




Now if two parts of one triangle and one of the cor- 
responding parts in the contiguous triangle be known, 
the remaining part may be found by means of Napier's 
theorem, as follows. The perpendicular, which is com- 
mon to the two triangles, may be expressed in terms of 
the two parts given in the first triangle, and likewise in 
terms of the corresponding parts in the other triangle ; 
and then an equation may be formed of the two express 
sions, which will involve only the two given parts of 
one triangle, and the corresponding parts of .the other : 
and as one of these last is known, the remaining part, 
which is unknown, may be found from the equation. 

The cases to be considered here are six in number : 
for the given parts in one of the contiguous triangles, as 
ABD, may be (1) ABandAD 

(2) ABandA 

(3) AB and ABD 

(4) AD and A 
(6) AD and ABD 
(6) A and ABD. 
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Case 1. Given AB cmd AD in the tricmgU ABD, 
and one of the corresponding parts CB and CD in the 
contiguous triangle BCD; tojmd the remamvng paH. 

If BD be taken in connection with AB and AD, the 
equation involving these parts, is according to Napier's 
theorem as follows: 

cos AB=cos AD cos BD ; 

whence cos BD= tt^- 

cos AD 

In like manner it is found that ' 

cos BC 



cos BD= 
Hence 



cos CD 
cos BC__cos AB^ 
cos CD ""cos K!b ' 



and &om this equation, if AB and AD are known, with 
either of the corresponding parts BC and CD, the re- 
maining part may be found : thus if CD be known, 

cosBC=cos CDx T-=, 

cos AD' 

and if BC is known, 

crv\ Tkn COS AD 

cosCD=cos BCx T^. 

COS AB 

Case 2. Oiven AB aind A, amdone of the correspond- 
ing jfHxrts BC and C ; tojimd the other. 

By Napier's theorem, the equation connecting the 
parts AB, A and BD, is this : 

sin BD=sin AB sin A. 
Also sin BD=8in BC sin C : 

whence, sin BC sin C=sin AB sin A, 
or if BC be the unknown quantity, 

fiin BC=sm ABx-i — 7=: 
sm C 
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and if be unknown, 

. ^ , . sinAB 

sm 0=sm A x -; — ^^c. 

sin BO 

The equation sin BO sin 0=6in AB sin A, conyerted 
into a proportion, gives the theorem of Art. 15. 

Oasb 3. Oi/ven AB <md ABD in the ifncmgle ABD, 
(md one of the corresponAing parts BO and OBD ; to 
find the other pofrt. 

The equation involving the quantities AB, ABD and 
BD, is by Napier's theorem the following, 
cos ABD=eotan AB tan BD ; 
whence, tan BD (=cos ABD -rcotan AB) 

=cos ABD tan AB. 
In like manner it will appear that 

tan BD=cos OBD tan BO. 
Hence, cos OBD tan BC=cos ABD tan AB. 

K then ABD, AB and BO are known, OBD may be 
found from the equation, 

cos OBD=cos ABD x- — =^7= ; 
tan BO' 

and if ABD, AB and OBD are known, BO may be 

found from this equation, 

X T»/^ X ATI cos ABD 

tan BO=tan ABx tstSt^- 

cos OBD 

Oase 4. Oi/oen AD and A, with one of the corre^ 

ponding pa7't8 OD cmd ; to jmd the other. 

The equations for this case are as follows, 

sin AD=tan BD cot A 

tan BD (=:sin AD -i- cot A) 

=8in AD tan A ; 

also tan BD=8in OD tan ; 

and therefore sin OD tan 0=sin AD tan A ; 
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or if CD be Bnknown, 

sin CD=sin AD x 
and if C be unknown, 

tan C=tan Ax 
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tan A 
teiTO' 

Bin AD 



sin CD* 

Cabb 5. Criven AD and ABD, with either of the 
parts CD and CBD ; to jmd the other of theee parte. 

The equations for this case arranged as in the prece- 
ding cases are 

sin BD=tan AD cot ABD, 
sin BD=tan CD cot CBD, 
tan CD cot CBD=tan AD cot ABD, 
cot ABD 



tan CD=tan AD x 
cotCBD=cotABDx 



cot CBD' 
tan A D 
tan CD* 




The last equation will gixe the value of CBD when CD 

is known, and the last but one will give the value of 

CD when CBD is known. 

From the equation tan CD cot CBD= tan AD cot ABD, 

may be derived a proportion that is worthy of notice. 

Since the cotangent is the reciprocal of the tangent of 

an angle, 

tan CD tan AD 



tan CBD tan ABD' 
whence, tan AD : tan CD : : tan ABD : tan CBD; 
which may in other terms be stated thus, 
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If a perprndicvlaar he dravm from the vertex of a 
spherical tricmgle io the opposite side or haae^ the tan- 
gents of the segments of the hose are as the tangents of 
the segments of the vertical angle. 

Case 6. Given A and ABD, vnth one of the parts C 
and CBD; to Jmd the other. 

Here the equations concerned are, 

cos A=3COs BD sin ABD, 

or, COS BD=cos A-^sin ABD, 

also, cos BD=cos 0-r-sin OBD, 

J XV i. COS COS A 

and therefore, . ^pt^ = "= — a^dt^; 
' sm OBD Bin ABD ' 

£11 r^ A ..sin OBD 

or finally, cosO^oosAx-^ — t^hx^i 

' sin ABD' 

and sin OBD = gin ABD x^^. 

cos A 




It is not important that the final equations in these 
six cases be remembered, if the general method of ob- 
taining them be kept in mind. 

24. For all these cases, except the second and fifth. 
Dr. Bowditch has fiimished one or two mles of a Tery 
simple form and of easy application. They are similar 
to Napier's rales of the circular parts in a right-angled 
triangle ; jfrom which they are deduced directly in the 
following manner. 
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In the second and fifth of the preceding cases, the 
common perpendicular £D is the middle p(urt; but in 
each of the other four cases, some other part is the mid- 
dle one. Now if in the triangle ABD one of the other 
four circular parts be taken for a middle part, and the 
corresponding part in BDO be taken for the middle one, 
BD will be an adjacent part in each triangle or an op- 
posite part in each. And the rules in question are, that 
the sines of the middle parts will be, in the former case, 
as the tangents of the other two adjacent parts, and in 
the latter case, as the cosines of the other two opposite 
parts ; or to state them concisely. 

In, two contiguous right-angled tncmgles^ the sines of 
the middle pwrts a/re as the tangents of the adjacent 
parts^ or as the cosines of the opposite parts. 

By Napier's theorem the sine of the middle part in 
each triangle equals the product of the tangents of the 
adjacent parts, and from the two equations thus fur- 
nished may be formed the proportion, that the sine of 
the middle part in one triangle is to the sine of the 
middle part in the other, as the product of the tangents 
of the adjacent parts in the former triangle to the pro- 
duct of the tangents of the adjacent parts in the latter. 
And if the tangent of BD be one of the factors in each 
product, we may reject it without destroying the pro- 
portion ; and hence it appears that the sines of the 
middle parts are as the tangents of the adjacent parts : 
which is one of the rules that was to be deduced. 
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In a similar way it is proved that the sines of the 
middle parts are as the cosines of the opposite parts.^ 
25, The method of applying these mles is as follows. 

(1) K comp. AB be taken for the middle part in the 
triangle ABD and the corresponding part comp. BC for 
the middle one in BCD, then 6D is an opposite part 
in each triangle, and the other opposite parts are AD 
and DO: 

hence, sin comp. AB : sin comp. BO:: cos AD : cos CD, 
or cos AB : cosBC : : cos AD : cos CD. 

This proportion answers to the final equation in Case 1. 

(2) If comp. A and comp. C be the middle parts, BD 
is an opposite part, and the other parts are comp. ABD, 
comp. CBD. 

Hence cos A : cos C : : cos comp. ABD : cos comp. CBD 
or cos A : cos C : : sin ABD : sin CBD, 
a proportion which answers to the last equation in 
Case 6. 

* Bowditch's Rules may be demoDstrated more ooncisely thus. 

Let M stand for a middle part in the triangle ABD, N for an adja- 
cent and O for an opposite part ; and let the corresponding parts In 
the eontiguoiis triangle be M', N', (V ; also let P stand for the oommoa 
perpendicular BD. 

Then if P be an adjacent part^ the equations inyolying P^ are by Na- 
pier's theorem, sin M = tan N tan P, sin M' = tan W tan P; 

, sin M tan N 

or, sin M : sin M' : : tan N : tan N' ; as was to be proyed. 

And if P be an opposite part^^ the equations inyolying P 

sin Msscos O cos P, sin M' = cos CV cos P ; 

, sin M cos O 

whence^ -=— tt/ = pst 

^ sin M' cos O' 

or, sin M : sin M' : : cos O : cos O' ; as was also to be preyed. 
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(8) K AD and DO are the middle parts, BD is an 
adjacent part, and the other adjacent parts are comp. A, 
comp. C : 

then sin AD : sin CD : : cot A : cot BCD, 

which answers to the final equation in Case 4. 

(4) If comp. ABD and comp. CBD be the middle 
parts, BD is an adjacent part, and the other adjacent 
parts are comp. AB, comp. BC : 
hence, cos ABD : cos CBD : : cot AB : cot BO, 
which answers to the final equation in Case 8. 




In each of the above proportions there are fonr qnan- 
titles concerned, two belonging to each triangle. Now 
if it is proposed to find the proportion involving these 
quantities, amd the middle part8 be not specijiedy they 
must be so chosen, that the other two parts shall be of 
the same name with the perpendicular BD, whether 
adjacent or opposite. Thus if the quantities involved 
are AB, AD, BO, CD ; comp. AB and not AD must be 
one of the middle parts, and comp. BC must be the 
other ; for if AD were taken for the middle part, BD 
would be an adjacent and comp. AB an opposite part. 

26» The preceding methods of solution may be made 
to answer for all cases that can occur in Spherical Trig- 
onometry. There are certain formulse, however, which 
have not been given, that are often useM in trigono- 
metrical calculations. These may be most conveniently 

9 
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arrived at by algebraic processes. Indeed all the form- 
ulee relating to the sides and angles of spherical triangle 
may thus be easily derived from a single theorem. In 
the following articles it is designed to deduce the most 
important of them in this way ; it is intended also to 
point out the best methods of resolving triangles for the 
differeilt cases in Spherical Trigonometry ; to notice the 
limitations to which the values of sides and angles of a 
triangle may be subject, and to give rules which will, 
whenever the case allows, preclude the uncertainty 
whether a side or angle sought is greater or less than 90°. 

It will be convenient to have here certain formulae 
belonging to plane trigonometry, which are often re- 
ferred to. They are taken, as the accompanying refer- 
ences show, from Day's Mathematics. 

Let a be any arc or angle, and let Badius be unity : 
then (1) sin* <i5 + cos^a=l 

(2) sec* «— tan* a=l 

(3) cosec* a— cot* a=l 

(4) =tana 

COB a 

/wv cos a 

(5) -; = cot a 

(6) tan a cot A=l 

(7) sin a cosec a=l 

(8) cos a sec a=l. 

Again, let a and i be any two arcs or angles : 
then (9) sin (flt+ft)=8in a cos J+sin J cosa 

(10) sin (a— J)=sin a cos J— sin J cos a 

(11) cos (a+ J)=cos a cos i— sin a sin J 

(12) cos (a— J)=cos a cos b+ sin a sin J. 

(Day's Trigon. Arts. 93. 94. 208). 
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A theorem is bow to be investigated fiom w^ch the 
various formulsd of spherical trigonometry can be con- 
veniently deduced. 

27 • Let ABC be a triangle 
on the surface of a sphere 
whose center is O ; draw the 
radii OA, OB, 00 ; from D 
any point in the line O A draw 
DE and DF at right angles to > 
that line, in the planes ABO, 
AGO ; then is EDF the angle 

of inclination between these planes^ and therefore equal 
to the spherical angle BAG. 
Now in the plane triangle EDF, 

EF2 = EI>* + DF-2EDxDFcosEDF, 
(Day's Trigon. Art 234, Theor. B.), 
and in the triangle EOF, 

EF» = EO^ + OF — 2EOxOFcosEOF: 
hence = 

EO»-.ED2 + OF2-DF2-2EOxOFcosEOF ) 

+ 2EDxDFcosEDF. f 
But (Euc. 47, 1,) EO* - ED2 = OD2, and OP - DP =00^ : 
by reduction therefore 

EO X OF cos EOF = OD* + ED x DF cos EDF, 



or cos EOF = 



OD^ 



EQxOF 



ED DF ^^^ 
^x^cosEDF. 



OD^ 



OD OD 



equals =^ x j^ which equals 



-^^^ EO X OF "^^^° EO 
cos EOD X cos FOD (Day's Trigon.) 
, ED DF , 

^^ EO^'OF^^''^^' 



sin EOD X sin FOD. 
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But the angles EOF, FOD, EOD, are meafiured by the 
arcs subtending them, namely a, i, c, the sides of the 
triangle ABC : then by substitution 

cos a = cos J cos + sin J sin c cos A. 

It will be seen by referring to the figure here used, 
that we have proceeded on the supposition that the an- 
gles AOB, AOC, subtended by the arcs c, &, are acute; 
but the formula which was obtained will hold good for 
other cases, as may be shown in the following manner. 

First let ABO be a spher- ^^"'----^ 

ical triangle having each of ^'^--^,..^^ J^^^^^ 

its sides h and c greater than ^ — c""^^ 

a quadrant, let these sides pi*oduced meet in A' ; then 
will a second triangle A'BO be formed having one side 
a in common with the first, having its angle A' equal to 
A, and the two sides containing this angle each less than 
a quadrant, since they are the supplements of h and c. 
Then if these sides be represented by J', d^ we have the 
equation cos a = cos J' cos c' + sin h' sin c' cos A'. 

Now cos J' = — cos J, and cos c' = — cos c, since the 
cosines of an angle and of its supplement are equal aud 
of opposite signs : therefore cos V cos c' =cos J cos o. 
And since the sines of angles are the same as the sines 
of their supplements, sin V sin o- = sin J sin c. Hence 
cos fl5 =cos J cos c + sin S sin ccos A ; as was to be shoTvii. 

Again, let ABO be a 
spherical triangle in which 
the side h is less and the 
side greater than a quad- i — 

rant. Let the sides a and o produced meet in B' ; thna 
will be formed a second triangle AB'O having an angle 
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B'AC which is the Bupplement of BAG, and having 
one of its sides h in common with the tiiangle ABC, its 
other sides a\ c\ being the supplements of a and c : cf 
is therefore less than a quadrant, and h being also less 
than a quadrant, 

cos fl5'=cos S cos <?'+ sin J sin & cos B'AO. 
But cos (z'=— cos a, cos 0'=-- cos t?, sin o'=sin 0, 
and cos B'AC= — cos BAG, 

.*. —cos a=— cos h cos c— sin J sin <? cos BAG, 
or cos ^=008 J cos c+sin J sin cos A ; which 

is the same formula as was first obtained. 

We have thus far supposed each of the sides h and 
to be either greater or less than a quadrant. 

It remains to consider the case in which one of them 
is a quadrant, and also that in which they are both 
quadrants. 

It is obvious that th^ formula in question will hold 
good in the latter case; for then cos h and cos c are 
each equal to zero, the sines of i and c are each equal 
to unity; and cos a==C08 A, since a is evidently the 
measure of the angle A. 

3 





But if one of the sides about the angle A, namely 
AB be equal, and the other AC unequal to a quadrant, 
from AC or AC produced cut off AD equal to a quad- 
rant and draw the arc BD. This wiU be the measure 
of. the angle A, and the angle BDC will be a right 

9* 
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angle. Then, if BD be not a quadrant, we shall have, 
as in preceding cases, 

cos BC=cos BDxcos CD+sin BDxsin CD cos D. 

But cos D equals nothing; and cos CD, that is, 
cos (AC-^ AD) equals cos AC cos AD+sin AC sin AD 
(Art. 26, Equat. 12), which equals sin AC, since AD is 
a quadrant. If then we substitute A for BD its mea- 
sure, a for BC, and h for AC, we get the equation 
cos eK=cos A sin i. 

This equation is obviously that which will be fur- 
nished by the general formula first obtained, upon the 
supposition that {? is a quadrant; for then cos o=0, and 
sin c=l. 

In the only remaining case, when AB and BD are 
both quadrants, B is the pole of AC, BC or a is a quad- 
rant and A is a right angle ; in which case cos a, cos c, 
and cos A are each equal to nothing. 

Hence the formula cos fl5=cos J cos o+sin & sin ^ cos A, 
is applicable to all kinds of spherical triangles. In the 
form of a theorem it may be stated thus : 

The cosme of one of the sides of a sph&riodl triangle, 
is equal to the jn*odv^t of the coaines of the other i/voo 
sides ^ increased hy the product ofthevr sines nvultiplied 
into the cosine of the indvded a/ngle. 

There are three equations answering to this theorem, 
for every triangle : thus, 

(1) cos a = co8 I cos c + sin h sin c cos A 

(2) cos J = cos a cos c -f sin a sin <? cos B 

(3) cos c = cos a cos J + sin a sin J cos C. 

28. In 'each trigonometrical calculation, there are 
four parts concerned, three given and one required ; 
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and as the three equations at the end of the last article 
together contain all the six parts of a triangle, we may 
obviously deduce from these equations an equation in- 
volving any four of these parts, by eliminating the other 
two. If for instance we wish to obtain an equation in- 
volving the three angles A, B, C, and the side h ; we 
may combine the first equation with the second, to ob- 
tain an equation free from a, and then combine the first 
and third equations, to form another equation free from 
a : having thus found two equations from which a is 
excluded, we may finally combine these to form an 
equation froxn which o also shall be eliminated; and 
this will be the equation required. Now the only 
cases that here require to be distinguished, are the fol- 
lowing; namely, those in which the four parts con- 
cerned are 

(1) The three sides and one angle 

(2) Two sides and the opposite angles 

(3) Two sides, the included angle and one of the 
opposite angles y 

(4) The three angles and one side. 

There are six equations belonging to the third case 
and three to each of the others. 

The formulsB for the first case have been given in the 
last article ; and from them the formulae for the oth&r 
cases are now to be deduced. 

39* To find an equation involving two sides a, h^ and 
their opposite angles A, B, it is sufficient to combine 
the first two equations at the end of Art. 27, so as to 
eliminate c, since C is not found in either of them. 
This might be done by first forming a new equation 
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containiBg Bin c^ but free from cos c ; and then another 
equation containing cos c but not sin c. From the 
former equation the value of sin c, and from the latter 
liiat of cos c would be known : and the squares of these 
values made equal to unity, would give the equation 
required. But there is another method of procedure, 
which though less direqt and obvious, is more simple, 
mid has the advantage of bringing to view formulas 
that are useful for other purposes. It is as follows : 
From equation (1) Art. 27, 

cos a— cos J cos 



cos A= 



hence l+cosA= 



sin & sin ' 
cos a— cos h cos c+sin J sin <? 



sin & sin 

cos a— cos (J+c) /A_^ rt^ T^ X ^^x 

= —^r-A ^ (Art. 26, Equat. 11). 

sin S sm t? ^ ' ^ ^ 

If for convenience of reduction, we substitute 

»— y for «, and x+y for J+o, then 

cos a— cos(J+c)=co8(aj— y)— cos(aj+y) 

=2 sin a? sin y (Arts. 26, Equats. 11, 12). 

If we now substitute for x and y their values in terms 

of a^ J, and <?, 

sin J sin c ' 

and if we put h for half the sum of the sides a, h and c, 

r^v - , . 2sin Asin(A— a) 

(1) 1 +COS A= . , . '-. 

sm^smc 

Again, 

^ . cos J COS c+sin J sine— cos a 

1— cosA= . ■■ . 

sm sin 

_^ co8 (5— (?) — cos a 
sin & sin ' 
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and by a method similar to the preceding, we find 
- 1 coo j^^ ^s^^ 1(^+^-^)8^^ H^+c-g) 
sin J sin ' 

or 

/o\ 1 A 2 sin (A— J) sin (A— c) 

(2) 1— cos A= ^ . ■■ . — ^ ^. 

K we multiply the corresponding members of equations 
(1) and (2), substitute sin^ A for 1— cos^ A, and extract 
the square root, we have the equation 

/o\ • A 2 <s/ sin A sin (A— a) sin (A*-S) sin (A — c) 

(3) sm A= ^ — . , . ^^ ^ ; 

sm6smt? 

and if for the sake of symmetiy we divide each side by 

sin ay we shall obtain 

' (4.\ 5^^jA._2 \/sin A sin (A— a) sin (A— J) sin (A—c) 

^ sin a sin a sin i sin 

As the second member involves all the three^ sides 

of the triangle in the same way, it must be equal to 

sin B , ^ sinO „ • sin A tt 

— ; — r and to -; — , as weU as to —. . Hence, 

sm sm c sm a 

,^. sin A sin B sin O 

^ L . sm a sm 6 sm c 

We have here equations each involving two sides of a 
triangle and the opposite angles; as was required. The 
theorem answering to them is this : 

The ^mee of the sides of a spherical triangle are as 
the smes of the opposite angles. 

It has been otherwise proved in Art. 16. 

30. To find next an equation involving two sides a 
and 5, the included angle C, and one of the opposite 
angles B : first substitute for cos c in the second equa- 
tion at the end of Art. 27, its value as given by the 
third equation ; the result will be 



100 SPHSBIOAL TBIOONOJOnrBr^ 

COS & ^ coa' acoBb + cwaBmaBUk 6oosO + BuiaBin«o(MB; 
imd if we transpose cos' a cos h^ and substitate ^' a 
for 1— cos* flf, the first member of the equation will be 
cos i sin' a ; and if each member be divided by sin a, 
then 

cos ft sin a=cos a sin ft cos O+sin o cos B. 

But by equation (5) of the last article, sin o= sin ft -^-^i 

substituting this value, dividing by sin ft, and putting 
cotangents for cosines divided by sines, we obtain 

(1) cot ft sin ci^=co6 a cos C+sin cot B. 

In like manner may be obtained the following equations : 

(2) cot a sin ft =cos ft cos C+sin C cot A, 

(3) cot sin ft=coB ft cos A+sin A cot C, 

(4) cot ft sin =coB cos A+sin A cot B, 

(5) cot a sin o=cos o cos B+sin B cot A, 

(6) cot sin a =cos a cos B+sin B cot C ; 
which are all the equations that taken singly involve 
two sides, the included angle and one of the opposite 
angles in a triangle. 

31. It remains to find an equation involving the three 
angles and one of the sides of a triangle. K with the 
equation 

cos ft sin <K=cos aBmh cos O+sin o cos B 
found in the preceding article, we combine the analo- 
gous one, 

cos a sin ft=cos ft sin a cos C+sin o cos A, 
(obtained from the former by interchanging the sides a 
and ft, and the angles A and B,) and eliminate sin ft, the 
result is 
co«68ma = oo8&8ina cos' C + sintfoosAooeO + nne oob B. 
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And if we transpose cos h sm*« cos* 0, substitute sin* 

for 1 —cos* 0, divide by sin o. and substitute for -, — sin 

its value sin A obtained from equation (4) of the last 
article, we shall find that 

cos h sin A sin C=cos A cos C+cos B, 
and by transposition, 

cos B=— cos A cos C+sin A sin C cos J : 
which shows that 

TTie cosine of one of the cmgles of a spJierical tricm- 
gle is equcbl to the product {taken negatively) of the 
cosines of the other two cmgles added to the product 
of their sines mtdt^lied into the cosine of the inter- 
mediate side. 

There are three equations comprised in this theorem ; 
namely, 

(1) cos A= —cos B cos C+sin B sin cos a 

(2) cos B=— cos A cos C+sin A sin C cos ft 

(3) cos C=— cos A cos B+sin A sin B cos c. 
32, The equations which have now been obtained 

will give the value of either of the six parts of a trian- 
gle in terms of the other three ; for which purpose 
fifteen equations are evidently requisite: but all of 
them except the equations numbered (5) in Art. 29 
are ill suited for logarithmic calculations. We must 
therefore seek for other formulsB more convenient. 
By Art. 210, Day's Trigon. 

1 +C0S A=2cos* ^ A, 1 — cos A=2 sin* ^A. 
Then by substitution in equations (1) and (2) of 
Art 29, and by reduction, we obtain the following 
results. 
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/^ . . . /sin h sin (A— «) 

(1) cos i A = \/ r--j-A ^ 

^ ^ ^ sm^sinc 

(2) smiA=>/^^fc^!^fci); 
^ ^ ^ ^ sin 5 sine ' 

sm « A. 
whence also by division and putting tan JA for — f^^ 

(3) taniA==v/^fV)»;;<^-^). 
^ ^ ^ ^ sinAsin(A— a) 

The equation (3) of Art. 29 being nearly related to 

these, we will place it here with them. 

rA\ • A — ^ ^®^^ ^ s^ (A— a) sin (A— J) sin (A— c) 

(4) Sin A — . •• — . • 

^ ^ sin 6 sin {? 

These four equations are all convenient for logariih- 
mic calculations. 

33. The equations of the last article express the value 
of an angle of a triangle in terms of the sides. There 
are corresponding equations by which a side of a trian- 
gle is expressed in terms of the angles. These may be 
deduced from the equations at the end of Art. 81, in 
nearly the same way as the preceding equations have 
been derived from those of Art. 27. It will be sufficient 
here to state them without the investigation. They are 
the following. 

1 . /cos(B[-B)cos(H-0) 

(1) cosia=v/ ^^ — . p . >^ 

^ ' ^ smBsmO 

. , /— -cosHcosCH— A) 

(2) smia=\/ ' Ty ' ri ' 

^ ^ * ^ smBsmO 

/ox XI / — cosHco8(H— A) 

(3) tania=\/ ttt — PN /TT k 

^\ a V co8(B[— B)co8(B[— C9 

,.J . 2V-cosHcos(H-A)co8(H-B)co8(H:— CT) 

(4) sma= ^^ — ' -A ' \ " ^ '^ 

^ sinBsmO ' 
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where H=i(A+B+C); 

and if H' be put for^H- 90°, then 

(5) cos i flj = v/ — ^^ — . p . V, ^ 

^ ^ "^ ^ sin B sin C 

,^x . t /sinH'sm(A-H') 

(6) sin i a = v/ . ^ . ^ — -^ 

^ ^ ^ ^ sm B sin 

/^ . , / sinH'sin(A-HO 

' * V Bin(B— H')sin(0— H') 

,^, . 2>/sinH'sin(A-H')8in(B-H')sin(C-H') 

(8) sina= ^^ ' Ti ' n ^^ "l 

^ ^ sm B sin ' 

which last are a little more convenient for use than the 
first four equations. 

34« When from the vertex B of a spherical triangle 
ABC, a })erpendicular BD is drawn opposite A, to the 
side AG or AG produced, it has been shown in Art. 20 
that 

tan l(A]>f DO) tan i(AD-DC)=tan i<ABf BC) tan i(AB-BG), 
or as it may be written, 

(1) tan(AD-lAC>=tani(AB+BO)tani(AB-BC)-rtaniAO. 
In a similar way it might be shown that 

(2) tan (iABC-ABD)=tan KA+C) tan i(A-C)XUn lABC 

It may also be shown that 
taiiKABD+OBD)toni(ABD-CBD)=^J=|Q, 



or 



(3) tan (ABD-iABC)= ;!^^^g-gg cot JABC; 
and that 

(4) tan(iAC-AD)=^^taniAC; 

which equations are suitable for logarithmic calculati<»is. 

10 
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35. From the equations in Art 32 numbered (1) and 
(2), with the corresponding equations for the angles B 
and instead of A, we readily derive the following : 

cos ^A COB ^B _ sin A 
^ ^ sin^O "" sin <3 

r9\ sin jA sin ^B _ sin(A— c) 

^ ^ sin iC ~ sin c 

sin ^ A cos ^B _ sin {h—h) 

^ ^ cosiC "~ sine 

. cos 4^ A sin ^B _ sin (A— a) 

^ ^ cos^C "" sine ' 

Combining the first two of these by addition, we obtain 
cos i(A— B) _ sin A+sin (h-^c) 
sin^O ~" sine ' 

or if we restore the value of A, develop and reduce, 
using 2 sin \c cos ^c instead of sin o, 

cos^A— B) __ Bin ^a'\'b) 

^ ^ sin ^C "" sin ^ ■ 

From the same two equations, by subtraction instead 
of addition, we derive tiie following, 

. cos^A+B) _ cos ^{a+h) 

^ ^ siniC ~" cos^c 

And in a similar way from ^equations (3) and (4) we 
obtain 

/7\ sin j(A +B) __ cos ^a—h) 

^ ^ cos iC ~ cos^ 

(S) sin K^—B) ^ sin ^a ^) 

^ ^ cos iC sin ^0 

36. From the equations in Art, 33, numbered (5) 
and (6), with the corresponding ones for h and c instead 
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of a, we may derive other equations resembling those 
of the last article ; thus, 

sinjasini&_ sinH' _ — cosH 



(1) 

m cos ^a cos lb _ sin (0— H") _ cos (H— C) 
^ cos i(? "" sin C "" sin O 



cos ^0 sin C sin C 

^ a cos lb _ sin (C-H^ _ cos (H- ( 
coa^o " sinC "" sinO 
cos ^a sin ^b _ sin (B— H') __ cos (H— B) 



^ sin ^(? sin C sin C 

,.. sin la cos J J _ sin (A— H') _ cos (H— A) ^ 
^ ^ sin ^c "~ sin C ~ sin C ' 

from which result four equations more, that are identi- 
cal with the last four of the preceding article. 

37* By combining the four equations at the end of 
Art 36, we obtain the following : 

(1) timi(A+B) = 554^JcotJO 

^ ^ '^ ^ cosi(a4-6) 

(.) .»KA-B,=£*|=^»tlO 

These equations, reduced to proportions, are called J/a- 
jpier^s analogies. 

They form but three independent equations ; and 
from either the first two or the last two may be deriyed 
the following : 

(S\ tanKA + B) _ tanKa+&) , 

^^ tanJ(A-B) tani(a-ft)' 
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that is, 

I7is tangent of half the sum of any into eides qfa 
epherical triangle is to the tangent of half their differ- 
ence as the tangent of half the sum of the opposite a^les 
is to the tangent of half their difference, 

38. In the following articles it is proposed to present 
in proper order the formnlsB which seem best adapted 
for the solution of problems in each of the cases of 
obliqne-angled trigonometry, and to give such direc- 
tions for using Ihem as may be requisite. 

It is important, however, to notice first certain general 
limitations of value to which the parts of a triangle are 
subject. They are as follows. 

(1) Each side and each angle is less than 180^. 

(2) The greatest angle exceeds 60°. 

(3) The greater angle is opposite the greater side. 

(4) The sum of any two angles and the sum of the 
opposite sides, are each equal to 180°, or each greater 
or each less than 180°. 

(6) 360° >flj+J+c>2a, a being the longest side. 

(6) 180° < A+B + < 180°+ 2A, A being the least 
angle. 

The meaning of the condition (5) is, that the sum of 
the three sides of a triangle is less than 360°, and that 
this sum is greater than twice the longest side, or what 
amounts to the same, that the sum of the two shorter 
sides is greater than the longest side. 

And the meaning of the condition (6) is, that the suna 
of the three angles is greater than 180°, and that this 
sum is less than 180° added to twice the least angle, or 
what amounts to the same, that the sum of the two 
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greater angles is less than 180° added to the least angle, 
which also amounts i» the statement that the difference 
of any two angles is less than the supplement of the third. 

The sii;Kth condition obviously embraces the second. 

With these conditions in view, we proceed to give 
the methods of calculation most appropriate for the dif- 
ferent cases of oblique-angled trigonometry. 

Case 1. 

39, Given the three sides a, hj c; to find one or 
more of the wngles A, B, 0. 

Here the only condition concerning the data besides 
this, that the sides are each less than 180°, is the fol- 
lowing, 

360° > a+ J+o > twice the longest side. 

First. K only one angle A is sought, it may be 

found by either of the following formulas ; in which 

h-^a+h+c). 

... , . ysin h sin (A— a) 

(1) cos iA = W t-tA ^ 

^ ^ * ^ sm J sm <3 

(2^ sin i^^ , A'^(^-'f>)^'^^^-<') 
^ ^ ' ▼ sin J sine 

(8) taniA = v ^fV)^;;<V^ 
^/ a V 8mAsm(A— a) 

(4) m, ^J^^A^h^{h-a)^{h-l)^{h-c) 
^ smJsmo ^ 

In using the last formula, it is to be observed that A 
ifl an obtuse angle, when the logarithmic sines of (A^&) 
and (A— c) together exceed those of h wid-(A^a). It 
win sometimes be sufScie^t, when a is the longest sid^^ 

;o* 
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to obBerve that A exceeds 60^, in otder to determine 
whether it is acute or obtnse. 

There is no necessary tincertainty as to the value of 
the angle sought, for the value of half the angle must 
be less than 90"", and by either of the formula (1), (2), 
(3), this value can be determined* 

The angle A may also be found as follows. 

From Equat. {1\ Art 27, we have the following : 

. cosa— cos Jco8{? 
cos A= . , . 

sscot hcotel 1 1 1 

VCOS COAC / 

=cot h cot e(cos a sec i sec o-^l)^ 
which may be expressed by means of two other equa- 
tions, thus 

r . i »=cos a sec h Bee 

^ j cos A=cot b cot («— 1). 

K then we compute x from the first equation, (taking 
the number answering to the sum of the logarithmic 
cosine and secants,) and add the logarithm of (a;— 1) to 
the cotangents of i and o, the sum will be the logarith- 
mic cosine of A; from which the angle is to be ob- 
tained. Attention must be paid to the sign of Xj which 
may be either positive or negative. To determine the 
sign, we must observe here as elsewhere, that the co- 
sines, secants, tangents and cotangents of arcs or angles 
greater than 90^ are negative. 

Secandhf. K two angles A and B are sought, 

(1) We may find A as above, and then find B in a 
similar way, the letters in the formul» used, being 
4iily change^, 
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(2) We may find A as above, and then find B by the 

equation 

. ^ . . sin b 

am B=sm A -; — . 

sin a 

Care most be taken here to ascertain whether the angle 
B is acute or obtuse. 

(3) The two angles may also be found by the follow- 
ing method, which under a little different form is given 
in Art. 21. 

From equation (2), Art. 2Y, 

cos b —cos a cos o 



cosB= 



sin a sin c ' 



which by proper changes may be reduced to the form 

cooB-^cotg^r ^"^^'^^^^^^^^^^"^^'^"*"^^^^^^""^^ 
cos i<? - sin Jc cot J(? tan J(a + J) tan J(tf — jy 

Likewise 

cos A=cot J ,^ sin^c+cos^<?cotjotanK^+fl^)tanj(^-fl^) 

cos^c— sini<^coti(?tani(J+a)tanJ(J— a)* 

And If we substitute for cot ^o tan ^a+b) tan K^— ft) 
an equal tangent denoted by tan x^ and accordingly for 
cot ^ tan i(&+a) tan K^— a) substitute —tan x, then 

^ ^ sin 4{? + cos^o tan x 

cos B=cot a X — \ . ? ^ 

cos ^— sm ^0 tan x 

A ^r sinitf— cosictanaj 

cos A=cot bx f , . — —-- — r 

cos f <? + sin ^0 tan a; 

^ ^ sin (Jo —a?) , , . ,, . • 

=cot J X — )| < =cot b tan (i<?— »). 

cos(|c— a?) ^' ' 
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Hence we have for calculation these fonniil», 

itan a?=cot ^o tan ^a+i) tan K^— J) 
cos B=cot a tan (ie+x) 
cos A=cot h tan {^o—x) : 
and the sigos of the quantities must be carefiilly re- 
garded. (See Day's Trigon. Arts. 192-206.) 

2%irdly. If all the three angles are required ; after 
computing A and B by one of the foregoing methods, 
we may proceed to find O, 

(1) By either of the first three formulse in thisarticle, 

(2) By the fourth formula of this article, 

(3) By the formula 

• r>i • T» fli^ ^ • A sin 

smC=smB-; — T=8mA-: — . 

sm sma 

In the last two cases, it is to be observed whether O 
should be an acute or an obtuse angle. 

Cass 2. 

40« Owen two aides a, h, and the tndtided angle ; 
to find one or more of the remammg paHeo^ A, R 

The only condition concerning the data here is that 
a, I and be each less than ISO''. 

Fvr^. K only the side c be sought ; 

(1) It may be found fix)m the equation (8) of Art 27, 
namely, 

cos o=cos a cos &+sin a sin & cos 0, 
reduced to the form 

cos o=cos a (cos &+sin b tan a cos C), 
or if tan fl9 be substituted for tan a cos ; 



COS c=cos a (cob 5 +8in j^ tan (0) 
_^ co6 g COS (& ^ a?) , 

the formnlffi for comptitation being accordingly 

ftan a9=tan a cos C 
cOsacdg (J -*-<») 
cos o=- ^ '. 
COSiV 

(2) The side may also be fonnd from the equation 
cos o=co0 a cos &+sin a sin j^ cos C, 
reduced to thesd two, 

!fl:=tan a tan h cos C 
cos (?=cos a cos h (1 +a?). 
Secondly/. If one of the unknown angles A only is 
sought; it may be found by means of the equation (2) 
in Art. 30 ; namely, 

cot a sin J=cos i cos +sin C cot A, 
an equation involving a, h^ C, A, the four quantities to 
be concerned in the computation. But this must be 
reduced to another form, to be suitable for use in loga- 
ritfimic calculations. * 

If we transpose and divide by cos C, the result is 

cot A tan C= 3- sin J— cos J; 

cos ' 

and if we substitute cot x for p, (which is equiva- 
lent to substituting tan x for cos C tan a,) then 
cot A tan C=cot x sin 5-*^cos h 

_ sin(&— a?) ^ 

"" 8in» ' 
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whence cot A=7 — ^. . \ 

tanCsmor 

. tanCsinaj 

or tanA=-; — ty — r. 

Bin (6— ») 

We have then for calculations in this case the formulsa 

{tan fl;=cosCtana 
. tan sin x 
tan A= -T— 7x — r- 
sm (6— ») 

Thirdly. If the two angles A and B are required ; 
they may be found by means of the formulffl {1\ (2), 
in Art. 3Y ; namely, 

'^ ^ cos^a+ft) ' 

tan i(A-B)=?l^fcg cot JO ; 

which give half the sum and half the difference of the 
angles ; whence the angles themselves are at once ob- 
tained. 

JFburthly. If the side o, and A one of the unknown 
angles be sought; we may find c as above, by the 
formulae 

tan a?=tan a cos C 

cos a cos (J— aj) 

cos Cr= ^^ ^, 

cos» ' 
and then find A by the additional equation, 

cos A=cot tan (J— a>), 
which may be deduced from the second equation (not 
numbered) in Art 81, combined with the two others 
here given. 



OBLIQUE-ANGLSD TRIANOLBS. 113 

Fifthly. Jf the angles A, B, and the side t; are all 
required, the angles may be found by Napier's Analo- 
gies or equations as above, and the side o in a corre- 
sponding way, by the formula (4) qt Art 37, slightly 
altered; thus 

or the side o may be found from the equation 

sin 

Bin o==sm a - — j- 
sm A 

Case 3. 

41. Given two angles A, B, a/nd c the interTnediate 
side^ to find one or more of the remami/ng parts^ a, J, 0. 

Here the given quantities are subject only to the lim- 
itation that each be less than 180°. 

First If only the angle be sought, it may be 
found thus: 

(1) From the equation (3) in Art. 31, 

cos C=co8 A (—cos B + sin B tan A cos c), 

and if cot x be put for tan A cos c, 

cos C=cos A (—cos B + sin B cot x) 

. sin (B— a?) 

=co8 A ^ ^ ; 

sin a? ' 

whence we have for computation these formules, 

fcot a?=tan A cos c 
^ cos A sin (B— a?) 
cos C= ; ^^ -. 
Sin a; 
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(2) Also from the equation (3) in Art. 31, we may 
deduce the equation 

cos C=co8 A cos B (tan A tan B cos o— 1), 
which may be replaced by the two following, that indi- 
cate a second method of finding the angle 0; 
j fl;=tan A tan B cos c 
\ cos C=cos A cos B (a?— 1). 
Secondly. If one i>i th^ unknown sides a only is 
sought, we may deduce it ftrom equation (5) of Art 30, 
thus: 

cot a sin t;= cos co« B + sin B cot A, 

cot a=cot c (cos B + sin B ) , 

and if cot a be put for , 

^ cose 

cot a=cot c (cos B + sin B cot «) 

^ Bin(B +a?) 

=cot c — ^ ' ; 

sma ' 

whence obviously we have for use in computation these 
formulsB, 

)tanaj=cosctan A 
sin a; 
tan a^tSLii c , ,j^ , — r. 
sm(B+aj) 

Thirdly. If the two sides a and h are sought, we 
may compute them by the formulee (3), (4), of Art 87 ; 
namely. 
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these givQ half the sum and half the difference of the 
sides, from which the sides themselyes are directly 
obtained. 

Fov/rtMy. If Uie angle C, and a one of the unknown 
sides be required; we may find as above by the 
formula, 

cot «p;==tan A cos c 

^ cos A sin (B— i») 

cos C= ; — ^ ^: 

smjB ' 

and then find a by the additional equation, 

cos a=cot cot (B— aj), 
or 

sec a=tan C tan (B— a?), 

which may be readily deduced from preceding formul®. 
Fifthl/y. If the sides a, J, and the angle are all 
required; the sides may be first found as above by form- 
ukB giving their half sum and half difference, and then 
the angle by the equation (2) in Art 87, thus altered ; 

taiiJC=^4fegcotKA-.B). 

Or may be found fix)m the equation 

, ^ . . sin c 

smCsssmA-; — . 

sma 

Case 4. 

42. Owen, two aides a^ 5, <md cm cmgU A opposite 
the former^ to find one or more of the other parts B, 0, c. 

Here the quantitied given must be such that sin a 
be not less than sin A sin & ; as is obvious ttom titie 

11 
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equation 'Bin B sin a=sin A sin ft, since sin B cannot be 
greater than unity. 

To satisfy this condition, it is snfScient, though it is 
not necessary, that sin a be either not less than sin A 
or not less than sin h\ for neither of these two quanti- 
ties can be less than their product sin A sin j^, since 
neither of them is greater than unity. 

In the case before us there are sometimes two differ- 
ent triangles to either of which the given quantities 
may belong ; and it is important to determine under 
what conditions this wHl happen. 

From the equation 

. ^ sin A sin ft 

sm B= ; . 

sma 

it is obvious that if B admits of two different values, 
they however have the same sine, and must therefore 
be supplements of each other. 

To ascertain when B can have two such values, we 
will make use of the equation 

cos a=cos h cos ^+sin 5 sin <? cos A, 
and assume the following 

tan a;=cos A tan i(, 
X being greater or less than 90"^, according as the values 
of A and J are on opposite sides of 90°, or on the same 
side. 

Then C06(c^)^co8o 

COS a? cos 6 
The first member of 'this equation may be made to have 
any value between the limits —1 and sec a, by attribu- 
ting to <? a proper value greater than x ; and it may be 
made to have any value between the limits 1 and sec a?. 
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by giving e some value less than ». And the value in the 
one case may accordingly be made the same as in the 
other, unless it fall between 1 and —1 ; when this will 

evidently be impossible. Now — ^^ equals r, 

•^ ^ cos X ^ cos 

and this falls between the limits 1 and —1, or does not, 

according as the value of a is nearer to 90° than that of 

J, or is not. 

Sence if a he nea/rer than 5 to 90°, c ccm ha/ve tut 

one valtie; otAenoise'it will admit of two. 

We may now give the formul» for calculation, that 

belong to this case. 

First If the angle B opposite the side 5 is sought, it 

may be found jfrom the equation 

sin B=sin a sin 5-rsin a. 

Secondly. K the side o be required, it may be found 

by the formulse used above, namely, 

tana;=cos Atan} 

cos (<3-*-flj)=cos X cos a-r cos 5 ; for c is 

readily obtained when x and {c^x) are known. 

Thi/rdly. If the angle C be sought, it may be found 

from equation (2) of Art. 30, namely, 

cot a sin 5=cos 5 cos + sin C cot A. 

This may be put under the form 

cot a tan 5=cos C +sin C-r cos 5 tan A ; 

and if tan x be substituted for cos h tan A, then 

cot a tan &=sin (C +aj)-r sin x. 

Hence we have these two equations to use in calculation, 

tan a?=cos h tan A, sin (C + aj)=sin x cot a tan h. 

Fourthly. If the angle B and one of the other parts 

and be required ; 
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(1) We may find B as above ; and then find the 
other required part by one of these formul», taken 
from Art 37. 

tanJC=?^^fcgcotKA-B) 
' sin i{a+o) '^ ' 

. . Biiii(A+B). ,- ., 

(2) We may find B as before ; and then find C by 
the formnlsB 

tan a?=cos h tan A, tan (C +0?)= — cos a tan B, 

or find by these formnlsB, 

tan a?=cos A tan J, tan (c— a?)=co8 B tan a. 

FifthJAj. If the parts required be C and c ; we may 
find one of them by formnlse given above, and then 
find the other by the equation 

sin C-rsin c=sin A-rsin a. 

Lastly. If all the parts B, 0, and c are required; we 
may first find B by the formula 

sin B=8in A sin 5-rsin a, 

and then find the other parts by the formulas 

taniC= "°^^-g cotKA-B) 

* smi(A--B) ^^ " 

or find one of the parts by one of these formulse, and 
find the other by the equation 

sin C~sin <?=sin A^sin a. 
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The formulae for the remaining cases, namely the 
fifth and sixth, being obtained in nearly the same way 
with those of the fourth and first respectively, will be 
given now without investigation. 

Case 5. 

43, Owen two cmgles A, B, cmd an oppodte aide a, 
tojmd one or more of the other paHs^ J, <?, 0. 

In this case, the parts given must be such that sin A 
be not less than sin B sin a. And here as in the last 
case, each of the required parts may admit of two values. 
This will happen only when B is nea/rer thorn A to 90^. 

First. To find h use the formula 

sin J=sin a sin B-^sin A. 

Secondly. To find C use these formulse 

tan a;=co8 a tan B, cos (C+^)= — cos a; cos A sec B. 

Thirdly. To find c use the formulss 

tan a?=cos B tan a, sin (e;— a;)=sin a; tan B cot A. 

FowrtKly. To find I and either c or C : 

(1) Use the formula sin &=sin a sin B-rsin A, and 
one of the following 

' smi(A— B) ^^ ^ 

taniC=?!5-^)cotKA-B). 
' smi(a+5) '^ ^ 

(2) Find h as before ; and then find c by the formulss 
tanaj=cosBtana, tan(c— fl?)=cos Atan J; 

or find C by the formulae 

tan x= cos 6S tan B, tan (C+a;)= — cos S tan A. 
11* 
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Fifthly, When c and C are required; find one of 

them by the method given first, and the other bj the 

equation 

sin (j-rsin C=sin a-rsin A. 

Lastly, When 5, c, C, are all required ; find h by the 

equation 

sin 5=sin a sin B—sin A, 

and find the other parts by the formulsB 

' 8iii^(A— B) '^ ''' 

'* BmJ(a+J) '^ ^' 

or find one part by one of these formulse, and the other 
by the equation, sin o -f- sin C=sin a -^ sin A. 

Case 6. 

44. CRmen the cmglea A, B, C, ^a ^hericoL tricm- 
gU; to find one or more of the sides a, J, c. 

The conditions to be observed respecting the quanti- 
ties here given are these : 

(1) A+B + C>180°, (2) A+B<180^+O, 
supposing to be the least angle. 

Fvrst. For finding only one side a, either of the fol- 
lowing means may be used : 

/ix 1 . /si^CJ^-HOsinCC-HO^.^^oN 

(1) cos \ a= V sinBsinC '^^^^\ 

where H'=KA+B+C)-90^ 

/ON • 1 /sinH'sin(A-H') 

(2) sm J a= yJ , t> . ^ — '- 

^ ^ ' ^ sm B sm 



(«)[ 
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,,. . 2>/BinH'siii(A-H')Bin(B-H')8in(0-H') 

(4) sma= ^ ' Ti ' n ^^ '• 

^ ^ sinBsinO - 

«=cos A sec B sec C 
cos a=cot B cot C{x + 1). 

Secondly. K two sides a and h are sought ; 

(1) We may find a as before, and h in like manner, 
with the proper change of lettere. 

(2) We msLj find a as before, aiid i by the equation 

sin 5=sin a sin B -r sin A. 

(3) The sides a and h^ may be fonnd by these 
formnlfiB, 

itan a?=tan JO tan K^+B) tan K^-B) 
cos 5=cot A cot (iC— flj), or sec 5=tan A tan (JO— a?) 
cos a=cot B cot (JC +aj), or sec a=tan B tan (JO +»). 

2%irdh/. If all the sides are songht ; then after com- 
puting a and 5 by either of the preceding methods ; o 
may be found by either of the formulffl at the begin- 
ning of this article, or by the equation 

sino=8inasin C-rsin A. 

Another method of finding the three sides is to com- 
pute a by one of the first five formulse given above, and 
then obtain I and e from the equations 

* i/jL . N cosi(B-C). . 
^^^(^+^)= cosKB + C) ^^^- 

^ ,/T V 8ini(B-C)^ . 
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This method is most conyenient when a is computed by 
means of the equation 

f 1.-. y BinH^sin(A-HO 
^ *^- V Bin (B-H') sin (C-H')' 

A similar method might have been given in the first 
case, for finding the angles of a triangle from its sides. 
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